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BIFURCATION OF CRITICAL PERIODS
FOR PLANE VECTOR FIELDS

CARMEN CHICONE AND MARC JACOBS

ABSTRACT. A bifurcation problem in families of plane analytic vector fields
which have a nondegenerate center at the origin for all values of a parame-
ter A € RV is studied. In particular, for such a family, the period function
(&,2) — P(&,2) is defined; it assigns the minimum period to each member of
the continuous band of periodic orbits (parametrized by ¢ € R) surrounding
the origin. The bifurcation problem is to determine the critical points of this
function near the center with A as bifurcation parameter.

Generally, if the function p, given by & — P(&,4.) — P(0,4+), vanishes to
order 2k at the origin, then it is shown that the period function, after a per-
turbation of 4., has at most k critical points near the origin. If p vanishes
to infinite order, i.e., the center is isochronous, it is shown that the number of
critical points of P for perturbations of A. depends on the number of gener-
ators of the ideal of all Taylor coefficients of p(&, 1) , where the coefficients are
considered elements of the ring of convergent power series in A . Specifically, if
the ideal is generated by the first 2k Taylor coefficients, then a perturbation of
A« produces at most k critical points of P near the origin. These theorems
are applied to the quadratic systems with Bautin centers and to one degree of
freedom “kinetic+potential” Hamiltonian systems with polynomial potentials.
For the quadratic systems a complete solution of the bifurcation problem is
obtained. For the Hamiltonian systems a number of results are proved inde-
pendent of the degree of the potential and a complete solution is obtained for
potentials of degree less than seven.

Aside from their intrinsic interest, monotonicity properties of the period
function are important in the question of existence and uniqueness of au-
tonomous boundary value problems, in the study of subharmonic bifurcation
of periodic oscillations, and in the analysis of the problem of linearization. In
this regard it is shown that a Hamiltonian system with a polynomial potential
of degree larger than two cannot be linearized. However, while these topics are
the subject of a large literature, the spirit of this paper is more akin to that of N.
Bautin’s treatment of the multiple Hopf bifurcation for quadratic systems and
the work on various forms of the weakened Hilbert’s 16th problem first posed
by V. Arnold.
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1. INTRODUCTION

In this paper we consider analytic plane vector fields (x,y) — X(x,y,4)
which have a nondegenerate center at the origin for all values of the parameter
ieRY , and which, in addition, have (x,y) — (—y,Xx) as their linearization
at the origin. We choose an open interval on the x-axis containing the origin
which is small enough so that any orbit passing through a nonzero point of
this interval is periodic and includes the origin in its interior. For a point &
in this interval, we define P(£,4) to be the minimum period of the periodic
trajectory through (¢,0). The purpose of this paper is to study some aspects of
the bifurcation of critical points of the period function & — P(£,4). That is,
if F(&,A):= Pé(é ,A), then we study the solutions of the equation F(&,A) =
0, near ¢ = 0, as the parameter A varies. In the course of this work we
have developed some methods which are applicable to an abstract bifurcation
equation F(£,A) =0 when the function F is analytic. These methods should
prove useful in the analysis of a wide class of bifurcation problems.

In this abstract framework, we start with an analytic function (£,1) —
F(&,2) and write its series, near £ =0, as

F(&,2) = ay(A) + a,(DE + a,()& + -,

where each function A — q,(4) is analytic, and where for each A the series
is convergent in some neighborhood of £ = 0. Then, given a point A, where
F(0,4,) = 0, we wish to know how many zeros of the function & — F(,4)
are near £ = 0 for perturbations 4 of A_. The analysis of this question falls
naturally into two cases. First, it may happen that

a,(A,) =a,(d,) = a,(A,)=---=a, (2,)=0 and a,, (4,)+#0.

In this case we say the bifurcation point A, has finite order » and one can
show that at most n zeros bifurcate from (0,4,). This result follows from
elementary considerations and is quite easy to prove. The second case which
arises is bifurcation from a point A, of infinite order, i.e., a,(4,) = 0 for
k > 0. Here, the analysis is more subtle and much less is known. The difficulty
is that in order to analyze the bifurcations from a point of infinite order one
must have some knowledge of all the coefficients a, . This is one of the main
problems which we address in this paper.

Consider a bifurcation point of infinite order and for simplicity assume this
point is A = 0. If the coefficients a, are elements of the polynomial ring

R[4,,4,, ... ,Ay], or for that matter the ring R{4,,4,,...,4,}, of conver-
gent power series at 0, both of which are Noetherian [8, 24], then the ideal
(ay,a,,...) of all Taylor coefficients is generated by some initial segment
a,,a,, ... ,a of these coefficients. Following N. Bautin [5], the functions

a; for i > K are written in terms of the functions in this initial segment, i.e.,

a, = a;a, toa,a + - toa,
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and then formally one has

x

FE,0) =Y a1 +¥,&,2),

i=0

where ¥,(0,4) = 0 for i =0,1,2,...,K. Thus, the bifurcation function
behaves like a polynomial of degree K near A = 0. In particular, there will be
a bifurcation to at most K zeros near £ = 0 for values of A near A =0. We will
make this formal argument precise in §2. Then the problem of bifurcation from
a zero of infinite order is reduced to obtaining the smallest value K such that
the corresponding initial segment is a basis for the ideal of all Taylor coefficients.

In this generality there is little hope of success. Nonetheless, in many practical
situations arising in dynamical systems the sequence a, can be generated by
natural recursive relationships where there is a reasonable expectation that the
finite basis can be found. This is the problem solved by Bautin when the a, ,
k > 0, are the coefficients of the return map on a section emanating from a
weak focus.

For the bifurcation of critical points of the period function one must find
the bifurcation points in the parameter space, and determine their orders. The
location and analysis of the finite order bifurcation points is relatively uncom-
plicated. However, even the location of the bifurcation points of infinite or-
der, i.e., the isochrones, is a challenging problem. In fact, the location of the
isochrones is analogous to the Poincaré center problem. Both problems are
completely solved only in the case where the vector field is quadratic. However,
once the isochrones have been located we compute the first few coefficients of
the power series representation of Pf in powers of £. In many problems these
coefficients turn out to be polynomials in R[4, ,4,, ... ,4,]. When this occurs,
these coefficients are tested successively to see if an element of the sequence is
already in the ideal generated by its predecessors. For this process we make use
of some mathematical algorithms for checking ideal membership which rely on
the computation of a Grobner basis for the ideal [10]. These algorithms are
now widely available in various computer algebra systems such as REDUCE
and MACSYMA. As soon as a candidate initial segment of generators for the
ideal is found, we try to determine sufficient conditions for a polynomial to be
in the ideal generated by this initial segment. Then, using the structure of the
differential equation and the period function we try to show these conditions
are met for all succeeding Taylor coefficients. Often the conditions for ideal
membership are expressed as algebraic identities in some of the derivatives of
the polynomial being tested for membership. Such conditions are then verified
using the variational equations of the original differential equation. In other
cases algebraic conditions for ideal membership are verified from an analysis
of the recursion scheme used to generate the Taylor coefficients. Thus, in prin-
ciple we can determine the finite initial segment of coefficients which generate
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the ideal of all Taylor coefficients of F and, in turn, determine the bifurca-
tion structure of its zeros. Of course, in practice, any one of the steps of the
procedure just outlined can be very difficult to carry through.

In this paper, we analyze two fundamental cases: centers of quadratic sys-
tems (§3) and centers of Hamiltonian systems which arise from Hamiltonians
given in the form “kinetic+potential” where the potential is a polynomial (§4).
We obtain a complete description of the bifurcation of critical points of the pe-
riod function near the origin of all centers for the case of quadratic systems. In
particular, we show that at most two critical points of the period function bifur-
cate from a “weak center” of any quadratic system and that there are quadratic
systems with two critical points. Actually we prove much more. We are able to
specify in detail the bifurcations which can occur in the various subvarieties of
the full parameter space of quadratic systems which correspond to the centers.
In the case of polynomial potentials we prove that the only potential (up to a
constant multiple) with an isochronous center at the origin is V(u) = %uz . We
determine the complete bifurcation structure for the critical points of the pe-
riod functions for all polynomial potentials of degree six or less and we are also
able to show that for an even polynomial potential function of degree N = 2n,
there are at most n — 2 critical points which bifurcate from the origin, and
there are perturbations which produce k critical points near the origin for any
k<n-2.

It is natural to compare our methods with a normal form approach. As is well
known [40], there is an analytic coordinate transformation which transforms a
planar analytic system of differential equations with a nondegenerate center at
the origin to the normal form

x=—f(x*+yy,  y=S0"+y)x
Once this is done, a further change to polar coordinates gives
F=0,  0=10",
and it follows that the period function is given by

P(&) = 21/ f(&).

Thus, the period function and the scale function f carry the same information.
In particular, a plane analytic vector field with a nondegenerate center at the
origin can be transformed to the system X = —y, y = x with an analytic
change of coordinates if and only if the center is isochronous. This observation
and Theorem 4.1 imply that a Hamiltonian system with a polynomial potential
of degree N > 2 which has a nondegenerate center at the origin cannot be
linearized by an analytic change of coordinates. Moreover, it also turns out
that the number of critical points of the period function which bifurcate near
a center of finite order is an analytic invariant of the vector field. This number
is reflected in the normal form of the vector field in the sense of A. Baider and
R. Churchill [4]. They show that a formal change of coordinates will transform
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a plane vector field with a center at the origin to the form 7/ =0, § =1 or
the form =0, § =1+ r** . The first form corresponds to the isochronous
case, the second to a vector field with a weak center of order k, where k is an
analytic invariant.

One could, for example, use the normal form in [40, §27] to obtain our results
on the finite order bifurcations of the critical points of the period function, since
this only requires the calculation of a finite number of terms of the normal
form. We have not used this approach because our analysis of the bifurcations
of critical points of the period function near an isochronous center requires
us to determine the ideal of all Taylor coefficients of P,. The corresponding
problem using normal forms involves the ideal of all Taylor coefficients of the
derivative of the scale function f. This is a very difficult problem. Indeed,
an analogous ideal membership problem was raised by Siegel and Moser [40,
p. 203] after their normal form calculation for the center-focus problem, and
their question is still unsolved. However, it is important to note that the center-
focus problem really only requires knowledge of the variety of an ideal, and
is thus analogous to Loud’s results [27] on isochrones, whereas the complete
solution of the more difficult problem on the bifurcation of limit cycles from
a weak focus given by Bautin [5] requires a solution of the Siegel-Moser ideal
membership problem for quadratic systems. While it is true that Bautin’s results
on finite order bifurcations can be obtained from a normal form calculation, it
should be noted that a normal form approach does not seem to be useful for
the solution of the most difficult part of Bautin’s theorem, namely, that at most
three limit cycles bifurcate in the space of quadratic systems from a quadratic
center, which is an infinite order bifurcation problem. Likewise, in our work,
the main difficulties involve solving an infinite order bifurcation problem—the
bifurcation of critical periods from an isochrone. In our approach we take
advantage of the form of the original vector field (it is a low order polynomial
vector field) and computations based on its variational equations to solve the
relevant ideal membership problem. To obtain the same results from the normal
form seems to require either a knowledge of the convergent transformation of
coordinates which transforms the vector field to the normal form, allowing us
to translate our variational argument to the transformed vector field, or an
argument using induction which shows how the high order coefficients of the
normal form are in the ideal generated by the first few low order coefficients.
Neither option seems at present to lead to a simplification. Because it may
be of some independent interest, the period coefficients for the normal form
associated with Loud’s system, which can be used to characterize the isochrones
of quadratic systems, are discussed in Appendix C.

The history of the work on period functions goes back at least to 1673 when
C. Huygens observed that the pendulum clock has a monotone period function
and therefore oscillates with a shorter period when the energy is decreased, i.e.,
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as the clock spring unwinds. He hoped to design a clock with isochronous os-
cillations in order to have a more accurate clock to be used in the navigation
of ships. His solution, the cycloidal pendulum, is perhaps the first example of
a nonlinear isochrone. The characterization of the vector fields with isochrones
is still a difficult and unsolved problem. However, in addition to the identifica-
tion of the isochronous centers of polynomial “kinetic+potential” Hamiltonians
given in this paper, characterizations have also been obtained for general “ki-
netic+potential” Hamiltonians [45, 46], for quadratics [27], and for the Sibirskii
centers [39]. Results of this type are, of course, crucial for our work. There
are now a number of authors who deal with various questions related to the
period function. Most of this work has been motivated by a desire to find suf-
ficient conditions for the period function to be monotone [11, 15, 16, 37, 41],
since monotonicity is a nondegeneracy condition for the bifurcation of subhar-
monic solutions of periodically forced Hamiltonian systems [14, Chapter 11],
and since monotonicity implies existence and uniqueness for certain boundary
value problems [6, 12, 43].

Most of the work on plane polynomial vector fields, including this paper,
is related to the questions surrounding Hilbert’s 16th problem (cf. [7, 19, 20,
21, 23, 44, 52], and their bibliographies) and its various weakened versions, i.e.,
problems which ask for the number of occurrences of some property of a system
given by polynomials in terms of the degrees of the defining polynomials. Here
we ask for the number of critical points of the period function which bifurcate
from the origin for a polynomial vector field in the plane. This is a special
case of the problem considered in [15]. These questions are similar to the
more general problem of finding the number of zeros of Abelian integrals over
polynomial Hamiltonians [3, p. 303; 33, 34, 47].

During the preparation of this paper we have been extremely fortunate to
be able to discuss our work with a number of helpful people. We wish to
thank especially Professors Richard Cushman, Ira Papick, Robert Roussarie,
and Wolmer Vasconcelos for their valuable help.

2. LOCAL BIFURCATION AT A CENTER

In this section we study the local bifurcations of critical points of the pe-
riod function at the origin. We always use the word center to denote a sta-
tionary point (taken to be (0,0)) for a planar system of differential equations,
surrounded by a continuous family of periodic trajectories with the system of
differential equations normalized so that its linearization at the center has eigen-
values =+i.

We will refer several times to the results of Bautin [5]. In particular, any
quadratic system with a periodic trajectory surrounding the origin can, by a
linear change of coordinates, be expressed in Bautin’s form:

X =A% =y = A+ (24, + A)xy + Ay,

y=x+Aiy+ lzxz + (245 + 4)xy — Azyz.
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Since we are interested in centers, we always assume 4, = 0, and let the resulting
system be denoted by B,, 4 = (4,,...,4¢). In addition, we note that the
Lyapunov or focal values are constant positive multiples of v;, vy, and v,
where
v3(4) 1= =A5(A; = 4) »
Us(A) 1= A,A,(A3 — Ag) (A, + 545 — 5A¢) ,
y(A) 1= —AyAy(Ay — Ag) (Agdg — 242 — 23),
and the system B, has a center at the origin if and only if v,(4) = v5(4) =
v,(4) = 0. This is a version of the Center Theorem for quadratic systems.
Our results can be viewed as an analogue of the work on the bifurcation of
limit cycles from a weak focus, especially the study of bifurcation of limit cycles
from a weak focus of a quadratic system carried out by Bautin. This theory is
the subject of a vast literature; we suggest [1, 5, 19, 52] for the reader unfamiliar
with this topic. In Bautin’s treatment of this bifurcation problem one considers
a vector field with a stationary point at the origin with linearization of the form
(A x =y ,x+4,y). The return map 4 is defined on an interval [0, L) of the
x-axis and periodic trajectories correspond to zeros of the succession function
d(&) = h(&) — &, where ¢ is the distance coordinate from the origin along the
positive x-axis. A focus at the origin is called a weak focus of order k =
1,2, ... if d(0) =dP0)=d?0) =---=d®0) =0, but 4%**Y(0) #0.
Otherwise it is a weak focus of infinite order, i.e., a center. Bautin proved that
a quadratic system with a weak focus of order k < oo may be perturbed in the
coefficients 4, , ... ,A¢ to produce k limit cycles in a multiple bifurcation at
the origin. Then starting from the Center Theorem, he recognized and dealt
with a subtle point, viz., that by showing the Taylor coefficients of 4 all lie in
the ideal (4,,v,,v5,v,), in the ring R[4, , ... ,A;] he could establish that no
perturbation of a quadratic system produces more than three limit cycles near
a weak focus of finite or infinite order.
Throughout this section we understand a plane vector field X to be given,
and that X satisfies the following standing hypothesis:
The vector field (x,y) — X(x,y,A) has a center at the origin
foreach AeR" , (x,y,)~X(x,y,4), x,yeR, AeR",
is analytic, and the linearization of the vector field at this center
is (x,y) = (_y ,X).
A center satisfying the linearization condition in the standing hypothesis is
called a linear center. The standing hypothesis assures us that the period func-
tion associated with a vector field with a linear center will be analytic (cf. the
Period Coefficient Lemma given below). We are interested in the generation of
critical points of the period function at such a linear center. The linear center

at the origin corresponding to the parameter value A, is a weak center of order
k if

p(&,4,)=P(&,A,)-P(0,4,)
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satisfies
p(o ,/“.*) _ pl(o ’}'*) - .= p(2k+l)(0 ,X*) =0 , p(2k+2)(0 ,/1*) # 0 ,

where the derivatives indicated are taken with respect to the first argument of
the function p. Otherwise, the linear center is a weak center of infinite order.
Of course, a weak center of infinite order is an isochrone, i.e., all the periodic
orbits surrounding the center have the same period. The analogue of the center
theorem in the quadratic case is the content of Loud’s theorem [27], which we
will give a new proof of below. It gives the conditions for a quadratic system
to be an isochrone. The remainder of this section is devoted to completing the
analogy with Bautin’s work by giving bounds for the number of critical periods
which bifurcate from a weak center.

We call a period corresponding to a critical point of the period function
which arises from a bifurcation from a weak center a local critical period. To
be more precise, we say that k local critical periods bifurcate from the weak
center corresponding to the parameter value A, € RY if for every ¢ > 0 and
every neighborhood W of A, there is a point A' € W such that P'(& ,,1') =0
has k solutions in U := (0,¢), where P is the period function corresponding
to the vector field X. It should be noted here that we are counting only the
positive solutions of P’(¢,4) = 0, because the nontrivial zeros of P’ occur
in pairs corresponding to the positive and negative intersections of the critical
periodic orbits with the x-axis.

In order to study this bifurcation problem, we first record some of the prop-
erties of the period function P . The next lemma provides the basic structural
information required for our analysis.

Lemma 2.1 [Period Coefficient Lemma). If the vector field X satisfies the stand-
ing hypothesis, then the following statements about the corresponding period func-
tion P are true.

(i) Define P(0,A) = 2m for A € RY. If A, € RY, then there is an open
neighborhood W of A, and an open interval J containing & =0, such that the
period function (€,2)— P(¢,A) is analyticon Q:=J x W.

(ii) Given any A, € R, the period function P is represented by its Taylor
series

PE.A) =21+ p(ME",

k=2
Jor |€| and |A - A,| sufficiently small. Moreover, p, = 0 and for each k > 2,
P €R{A,,A,, ..., Ay}, , the ring of convergent power series at A, .

(iii) For k > 1 the Taylor coefficient p,,,, belongs to the ideal (p,,p,,
. »D,,) over the ring R{A, ,A,, ... Ay}, foreach A, € RY . In particular,
forany A€ RY, the first k > 1 such that p, (A) # 0 is even.
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The proof of the lemma follows standard arguments and is omitted. The
interested reader can find the necessary power series majorization methods in
[29, p. 321 ff; 30, pp. 104-107; 38, pp. 84-87; and 40, §§4, 21].

The next lemma is an immediate consequence of the Period Coefficient
Lemma and the Weierstrass Preparation Theorem (cf. [9 or 14]); this proof
is also omitted.

Lemma 2.2 [Finite Order Bifurcation Lemma). If the vector field X satisfies
the standing hypothesis, and if the weak center at the origin, corresponding to a
parameter value A, has order k, then no more than k local critical periods
bifurcate from this weak center at the parameter value A, .

We would like to determine conditions which would allow us to prove that the
bound k on the number of local critical periods given in the Finite Order Bi-
furcation Lemma is “tight”, in the sense that these conditions would imply that
if n < k, then there are perturbations of 4, for which precisely n local critical
periods bifurcate from the weak center corresponding to the parameter value
A, . Such a result could be formulated and proved in the language of singularity
theory, but since the space dimension is one, it is more appropriate to prove the
result from elementary properties of functions of a single variable. However,
we do need some definitions. Consider a finite set of functions f;: RY - R s
i=1,2,...,l. The real (respectively, complex) variety V(f, ,f,,...,f)) is
defined to be the set of A € R (respectively, cV ) such that f;(4) = 0 for
i=1,2,...,1. If f: RY - R, then we say that f,f,,...,f, are inde-
pendent with respect to f at A, € V(f,,f,,...,f;) if the following three
conditions are satisfied:

(i) Every open neighborhood of 4, in RY contains a point A such that
fA)-f(A) <0.

(ii) The varieties V(f,,...,f;) 2 <j <1 -1, are such that if 1 €
V(ifis--- j;.) , and fj +1(4) # 0, then every neighborhood W of A contains a
point g € V(f,, ... ,fj_l) such that j;.(a)-fjH(A) <0.

(iii) If 2 € V(f}) and f,(4) # 0, then every open neighborhood of 4 con-
tains a point ¢ such that f(o)- f,(4) <0.

Let A, eV(f,,f,,...,/),andlet f be c! in a neighborhood of 4, . Then
it is easy to show, for example, that if the functions f, are C' ona neighbor-
hood of 4, for j = 1,2,...,/, and if the vectors Vf/(4,),...,Vf(4,),
Vf(4,) are linearly independent, then f,,f,, ..., f, are independent with re-
spect to f at A_,. However, our definition of independence is substantially
weaker than this, and it is this weaker condition which must be used in most
of our applications.

Theorem 2.1 [Finite Order Bifurcation Theorem]. Let the vector field X satisfy
the standing hypothesis, and have a weak center of order k at the origin corre-
sponding to the parameter value A, . If the Taylor coefficients p, ,p, D, --. ,
D, are independent with respect to p,, , at A, then exactly n critical periods
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bifurcate from the weak center corresponding to the parameter value A, for any
n<k.

Proof. Since X has a weak center of order k at the origin when A = A, we
have

PE.A) =P, 2) = 2m=py ,(A)E 4
where p,,,(4,) # 0. The Finite Order Bifurcation Lemma shows that at most
k critical periods can bifurcate from the weak center. We must show that we
can obtain exactly n critical periods for any n < k. However, it is clear from
the definition of independence that it suffices to show the upper bound k on
the number of critical periods can be attained.

We assume p,,,(4,) > 0; the other case is similar. Choose a neighborhood
W about A, and an ¢ > 0, and define U := [0,¢). Since p,, _,(4,) > 0,
there is an &, > 0 such that U, := (0,¢,) C U, and p({,4,) >0 for € U,.
Pick a £, € U, and then p(¢,,4,) > 0. By the continuity of p and the
independence of the p, there is some A' € W such that P&, ,l') > 0 and
p,(A") = py(A") = -+ = py, (") = 0, but p, (2') < 0. Then there is an
¢, > 0 such that U, := (0,¢,) C U, and p(& ,A') <0 for &€ U, . It follows

that there is at least one point 7, such that 0 < 7, < ¢, and p'(ry1 ,,1') =0.
We can repeat this process by choosing a point &, such that 0 < ¢, < n, <¢,
where p(&, ,,11) < 0. By the independence condition, we can pick a point
A2in W sufficiently close to A' so that P, ,/12) <0, p( ,AZ) > 0, and
P,(A%) = - = py_4(A%) = 0 but p,,_,(A%) > 0. Hence, p(¢,4") = 0 has at
least three different solutions in [0, ¢), and thus there will be at least two points
in U where p' vanishes. This process can be repeated k times after which
there are at least k critical periods in U corresponding to a suitable Few.
Combining this result with the Finite Order Bifurcation Lemma we have the
desired conclusion. O

Up to this point we have only considered bifurcation from a weak center
of finite order. The case of a weak center of infinite order, i.e., an isochrone,
is much more delicate. Here we start with a parameter value A, such that
(x,y) — X(x,y,4,) is an isochrone. It follows from the Period Coefficient
Lemma that the Taylor coefficients p, of the period function are in the ring
R{A;, 4y, ..., Ay} i of convergent power series at 4, . Since this ring is Noethe-
rian [24] the ideal generated by all the Taylor coefficients of the period func-
tion of X has a finite basis. In fact, taking into account the Period Coefficient
Lemma (iii), it follows that there is an integer k such that all Taylor coefficients
are in the ideal (p,,p,, ... ,DPy.,,). Once this value of k is determined, the
following theorem can be used to analyze our bifurcation problem in a neigh-
borhood of the isochrone corresponding to 4, .

Theorem 2.2 [Isochrone Bifurcation Theorem]. Let the vector field X satisfy the
standing hypothesis. If X has an isochronous center at the origin corresponding
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to the parameter value A, and if all Taylor coefficients of the function p :=
P—2n areinthe ideal (p,,p,, ... Dy ,) Over R{A,,A,, ... A}, , thering
of convergent power series at 1, then there are at most k local critical periods
which bifurcate from the isochronous center at A, . Moreover, if DPysDys--- »Dy
are independent with respect to p,, , at A, then exactly n local critical periods
bifurcate from the center at the parameter value A, for each n <k .

Proof. We can without loss of generality assume that A, is the origin of our
coordinate system. Thus our ring is R{4, ,4,, ... ,4,} :==R{4,,4,, ... ,4,},.
Consider the power series representation of p:

pE. )= "p, AT

v=0
Let A(e) denote the closed ball in RY of radius ¢ > 0 with center at 0 € R" .
If feR{A,4,,...,A4y},and &> 0 is sufficiently small, then we define

I/l = sup 1)

Let S denote the index set consisting of all integers v > 2k and all odd integers
2i-1 for i =1,2,...,k. By hypothesis, p,,, € (p,,p,;, - sPyry,) for
v €S, and therefore p, , can be written in the form
k
P2 = Zau+2 P22
j=0

where each o, , J € R{4,,4,,...,4y}. An easy corollary to a result in Hervé
[24, Theorem 7, p. 32] enables us to conclude that a representation of the
above form exists where the o, J have the additional property, that for ¢ > 0
sufficiently small, there is an M > 0 such that

e,z jllaey < MIP, callace) -
Combining these estimates with the Cauchy inequalities, one can show that the

series ,
v+
D WE
VES
is convergent for j = 0,1, ... ,k. Thus an interchange of the order of sum-

mation can be justified to write

k ) k
PEA) =Y Py WE 30y, (DD, (MET
Jj=0 Jj=0

veS

Now by part (iii) of the Period Coefficient Lemma, we may assume that a,, 1
= 0 for the finite set of indices i <j < k,for i=1,2,...,k. It follows that
there exist &,d > 0 such that for || <J and A € A(¢g), the series for p(&,4)
can be rewritten as

k .
PE.A) =Y Py, WEP(1+¥,,,,E,2),

Jj=0
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where ‘sz +2,J=0,1,2,..., are analytic functions of ¢ and A, which vanish
at & = 0. We suppress mention of A, differentiate with respect to &, and find
that the function p’ has the form

k
. 2j+1
P& =2+ 200,87 (1+ 9y,
j=0

where again the 27 (0)=0.

The proof proceeds just like the proof constructed by Bautin [5] of the anal-
ogous fact about limit cycles. For the proof we may choose ¢ and J smaller,
if necessary, so that in the new neighborhoods we have convergence and also

L+ y,(8) > 3.

Then p’ has the same number of positive zeros as the function obtained by
dividing its series representation by £(1+ w,(¢)) which defines a new analytic
function of the form

(€)= 20, + 4D, E (1 + ®,(E)) + - + 2k + 2Py & (1 + D,y 5 (E)) -

But then p' has at most one more isolated positive zero than

7€) = 8D,E(1 + $4(E)) + - - + (2K + 2)(2K)py; LT (1 + ¢, (&)

Iterating, we may choose ¢ and J, smaller if necessary, so
L+¢,8) >3

and, as before, 7" has the same number of positive zeros as the function 7
which results after division of 7 by &(1 + #,(&)). So, we may repeat the
process.

Note that after k interations we obtain the derivative of a certain function
w and this derivative has the form

' (&) = (2k +2)(2K) -+ 2Dy & (14 2(8)) ,

where i = 1 if k is odd and i = 2 if k is even. Moreover, the number of
positive zeros of p’ exceeds the number of positive zeros of ' by at most k.
But, there is a final choice of ¢ and J so that

1+ x(&) >3

and we see that @' has no positive isolated zeros. Thus, for any A, there
is a neighborhood of the origin in ¢ space and a neighborhood of A, in the
parameter space where p' has at most k isolated positive zeros.

For the last statement of the theorem we note that the polynomials p, ,p,,
Pgs--- 1Dy are independent with respect to p,, ., at 4,, and thus for any
neighborhood W of A, thereisa 4, € W such that the vector field (x,y) —
X(x,y,A) has a weak center of order k at the origin. Then the conclusion
follows directly from the Finite Order Bifurcation Theorem. 0O
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Remark. The precise statement of the Isochrone Bifurcation Theorem is used
in this paper to analyze our bifurcation problem which contains some special
features. However, with the same method of proof one can easily show a similar
result for any analytic bifurcation equation F(¢,1) = 0, with £ € R and
A=A ,4,,...4y) € RY . To wit, assume F has the form

F(E,2) = ay(A) + a,(A)E + a,(AE +--- .

If F(¢,4,) =0 and if the ideal in R{4,,4,, ... ,A}, gener-

ated by all the g, for k > 0 is equal to the ideal (a, ,q,, ... ,a;)
then there exist &£,J > 0 such that for each A satisfying 0 <

|A—A,| < ¢ , the equation F(£,A) =0 has at most K solutions,

te(-¢,¢).

The following example illustrates why we must analyze the ideal of all Taylor
coefficients in order to obtain the maximum number of critical periods which
bifurcate from an isochrone.

ExAMPLE. Let the function (x,4,,4,) — F(x,4,,4,) be defined by

F(x,4; 1)) = (Ay = A)x + A, %" — 4, x°.

We consider bifurcation of the zeros of the function F. Note that the ideal
m = (4, - Af ,4,) contains all the “isochrones”, that is, ¥(m) = {0}, and
F(x,0,0) =0. One might conclude that the 2-jet of F, namely

FPF(x A, ,4) = (hy = AD)x + A%,

contains all the information for the bifurcation problem, and thus conclude that
at most one zero bifurcates from the origin (only nonzero roots are counted).
But this is not true. To see this, consider the function F along the parabola
A =t, A, =2¢". Then

F(x,t,20%) = tx(t + 2tx — x°),

and two real nonzero roots bifurcate from the origin at ¢ = 0. The explanation
is simply that the third Taylor coefficient —4, is not in the ideal m.

The use of the Isochrone Bifurcation Theorem requires some description of
the ideal m := (p,,p,,...) of all the period coefficients, i.e., the Taylor co-
efficients (at £ = 0) of the function p(£,1) = P(¢,4) — 2n. We note that
by the Period Coefficient Lemma, the ideal m is generated by (p,,p,,...).
Since the rings we are working with are all Noetherian, there is a least posi-
tive integer k = k(m) < oo such that m := (p,,p,, ... ,Py,,) = m. The
task then, is to find k. In the applications of the bifurcation theorems which
appear in the subsequent sections of this paper, the coefficients p, described
in the Period Coefficient Lemma always turn out to be elements of the real
polynomial ring R[4, ,4,, ... ,4,] (we will see, momentarily, that in this case,
working in a local power series ring still has a point). For any n > 0 define
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m, = (Dy,P4s--- »Dypyy) 10 R[A Ay, ... 4], and let V(m,) be the corre-
sponding complex variety. When working with polynomial period coefficients,
the following simple approach to calculating k = k(m) often succeeds.

(i) Find the first integer / such that V(m,_ ) =V(m,).

(ii) Calculate, using, for example, a computer algebra implementation of
Buchberger’s algorithm [10], the first k >/ for which Pyfksrys2 € My -

(iii) Determine an algebraic ideal membership criterion for m, .

(iv) Prove p, satisfies the criterion of (iii) for n > 2k + 2.

The ideal membership problem of step (iii), according to van der Waerden
[50, p. 159], is the “main problem in the ideal theory of polynomial domains”.
Although there are algorithms for deciding polynomial ideal membership, e.g.
[10], we must find ideal membership criteria in a simple analytic form if we
hope to apply them to the period coefficients p, . Indeed, our solutions to step
(iii) involve either finding differential ideal membership conditions which can be
verified by an analysis of the differential equations (cf. §3), or finding algebraic
criteria for testing membership which can be verified by analyzing a recursive
scheme for generating the period coefficients (cf. §4).

Once the outlined procedure is carried out we have an upper bound for the
number of critical periods which may bifurcate from the isochrone. However,
if the finite set of generators for the ideal are not independent, the upper bound
may not be sharp. Nonetheless, in some cases we can get a tighter bound by
working in a ring larger than R[4, ,4,, ... ,4,]. For example, in the First Local
Ideal Membership Theorem of §3, we find it useful to analyze the ideal m, in
the local ring

R[A, Ay, ..., Ay), = {f/8lf,8 €RIA, ,4,, ... ,Ay] and g(4,) # 0},

and use the full force of the Isochrone Bifurcation Theorem.

Unfortunately, it is not always possible to improve the upper bound by pass-
ing to a larger ring. For example, in §4, one finds that the complex variety
V(m) = {0}, and that, generally, V(m,) = {0} for some / < k = k(m). In
such a case, the independence condition in the Isochrone Bifurcation Theorem
cannot be satisfied, and the following proposition shows that passing to a larger
ring will not help.

Proposition 2.1. Let f,f,,f,,...,f, be polynomials and let 1 denote the
ideal generated by f, ,f,,... . f, in ClA; Ay, ..., A\]. If V(I) = {0}, and if
f=afi+of+ -+ f,, wherethe o, i =1,2,... k, are formal power
series in C[[A, ,A,, ... ,A\]], then feI.

Proof. For each j, the monomial 1j vanishes on V(I). By Hilbert’s Nullstel-
lensatz, some power r; of Aj isin I. If d:= Nmax{rj[j =1,2,...,N} and
u:=2A7"A7---Ay , where degu = 0, +0,+---+0y >d, then some g, exceeds
r; and the power product u € I . Now we can write f in the form

f=Af+A,f,+ -+A4.f +R,
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where each 4, is a polynomial made up of the terms in the power series o; with
degree not exceeding d . Since f and A, f +4,f,+---+A,f, are polynomials,
so is R. But all terms of R have degree larger than d. Thus, R € I. Since
Afi+ A+ + A, f isin I itfollows that fel. O
In some cases, the bifurcation problem at an isochrone can be treated by
elementary considerations which do not involve analyzing the ideal of all Taylor
coefficients of p. The following lemma is one such case, and it will be needed
in the next section. ,
Lemma 2.3 [Positive Lemma). Let (£,A) — F(&,A) be an analytic function of
the form )
F(&,4) =ay(A) +a;(A)8 +a, ()8 +--,
where £ €R and A€ RY. Ifeach a, , k > 2, is a homogeneous polynomial, a,
is positive definite, and if dega, > dega, for k > 2, then there exist &,0 > 0
such that for each A € RY satisfying 0 < |A| < J the equation F(¢,A) =0 has
no solution, £ € (0,¢).
Proof. An elementary argument will show that the function defined by
1 ifA=0,
HEA= | Fe bjaym ifa#o,

is continuous on some compact neighborhood of the origin in R x RY. The
desired conclusion follows. 0O

3. QUADRATIC SYSTEMS

In this section we specialize to the bifurcation of critical periods from weak
centers of quadratic systems. To formulate our results we recall first that any
quadratic system with a center at the origin can be transformed by a linear
change of coordinates to a system B, in Bautin’s form:

X =y —Ax + 20y +A)xy + Ay,
Y =X+ A%+ (20, +A,)xp — A,y
where A is in the Bautin variety BV, which we define to be the union of the
sets
B, = {A|A, =4, =0},
582 = {'1"13 = ;"6} s
2

B, = {AAy = A, + 52; — 54 = AA — 242 — 43 = 0},

B, = {44, =45 =0}.
We consider a point 4, € BV which corresponds to a quadratic system with
a weak center and study the bifurcations of critical periods for perturbations
of A, which remain in BV. We will obtain a quite detailed knowledge of the

bifurcations which occur in the various families of quadratic systems whose
parameters lie in BV, but our main result is given in the next theorem.
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Theorem 3.1 [Quadratic Weak Center Bifurcation Theorem].

(i) If a quadratic system has a weak center of finite order, then at most
two local critical periods bifurcate from this center. Moreover, there are
perturbations of the weak centers of order one with one critical period
and there are perturbations of the weak centers of order two with exactly
one or exactly two critical points.

(i) At most one critical period can bifurcate from an isochronous center of
a nonlinear quadratic system. At most two critical periods can bifurcate
from the linear isochrone. In both cases there are perturbations in BV
with the maximum number of critical periods.

The remainder of this section will be devoted to developing the results needed
for the proof of this theorem. We will identify the weak centers of finite order
and the isochrones which correspond to points in BV . The perturbations from
these points lie in one of the four subvarieties B, . Thus, we will analyze these
perturbations in families of vector fields (x,y) — X(x,y,4) corresponding to
a Bautin system B, , where 4 € BV. In order to do this using the results of §2,
we must use suitable parametrizations of the vector fields (x,y)— X(x,y,4)
which will have centers for all values of the parameters in a suitable vector space
RY . The varieties B,,%B,, and B, are vector subspaces of the full parameter
space, so that vector fields with parameters in these varieties are parametrized by
the obvious restrictions. However, the case 4 € B, will turn out to be especially
important in the proof of the Quadratic Weak Center Bifurcation Theorem. In
this case, we note that after a rotation of coordinates, the corresponding Bautin
system B, can be put in the form of Loud’s system L [27]:

X=-y+Bxy, Yy=x+Dx'+F’,

and it will be convenient to use this parametrization of the Bautin vector fields
on B, . We will also refer to the special case of Loud’s system, where B =1, as
the dehomogenized Loud system L. For the nonlinear homogeneous subvariety
B, we obtain two analytic families of vector fields which correspond to the two
nappes of the cone defined by %,. In particular, we decompose B, into the
union of two sets

B = {AA, = 01,4, =0 +20 4, = -5(0" +7),45= 0,4 =T},
B = {Ad, = 01,4, = (6" +277) , 4, = 5(0” + 1), 4, = 0,4, = 7'},

so the corresponding vector fields are parametrized by R?. Note that the poly-
nomials in (¢ ,7) which give the parametrizations of ‘Bf are all homogeneous
of degree two.

Our first task is to identify the isochrones and the weak centers of finite order
for the Bautin systems B, . For this and the rest of our analysis a knowledge of
the coefficients of the period functions of the various families of vector fields is
crucial. Throughout this section the period function & — P(&,4) is represented
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as a power series

P(E,3) = 21+ py(A)E +py(NE + -+,
in accordance with the Period Coefficient Lemma in §2. The next lemma gives

some of the basic facts about the period coefficients for the families of quadratic
vector fields which we will use for the bifurcation analysis in this section.

Lemma 3.1 [Quadratic Period Coefficient Lemma].

(i) If the plane quadratic vector field (x ,y) — X(x,y ,A) is in the Bautin
form B, for A € B, then the corresponding period coefficients p, are
homogeneous polynomials in the parameters defining the variety B, . If
Jj >k, then the degree of p; is greater than the degree of p, . Moreover,
the coefficient p, can be obtained on any one of the varieties B, by
substituting the parametrization of B, into the expression

n 2 2 2 2
py(A) = ﬁ(16)~2 + 84,45 + A5 + 1845 — 124,4, + 94,4, + 104, — 4,4, +Ai).
(ii) For Loud’s system L the period coefficients p, ,p, ,p,, dehomogenized
in the first variable, i.e., B = 1, are given by
p,(1,D ,F) = 112(10D2 +10DF —D +4F* —5F + 1),
n

“52(15401)“ +4040D°F + 1180D° + 4692D*F*

p4(1 »D ,F) =

+1992D*F + 453D” + 2768DF> + 228DF*
+ 318DF — 2D + 784F* — 616F° — 63F° — 154F + 49),
py(1,D ,F) = Tﬁ%@mmzmopﬁ +17971800D°F

+ 6780900D° + 34474440D*F* + 22992060D"*F
+4531170D* + 37257320D° F* + 28795260D° F*
+10577130D°F + 1491415D° + 24997584D° F*
+14770932D°F° + 7686378D*F* + 2238981 D°F
+339501D% + 10527072DF° + 367584DF"

+ 1400478DF" + 598629DF" + 228900DF

— 663D + 2302784F° — 1830576F° — 213972F"

— 126313F° — 53493F° — 114411F + 35981).

Proof. For reasons of space we have only displayed the dehomogenized poly-
nomials for Loud’s system L. The full set of polynomials can be obtained by
homogenization, i.e., p,(B,D ,F) = Bp (1,D/B,F/B).

By using polar coordinates (and the appropriate parametrization for 1) the
systems of differential equations in the lemma can all be represented in the
following form:

F=rf(6,1), O=1+rg(0,4),
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for suitable functions f and g. Then the corresponding period function has
the following integral representation:

2n 1
P(f"l)=/0 14+r(0,,4)g(0,4)

where 0 — r(6,¢,4) is the solution of the initial value problem

dr _ r'f(6,%)
d6 ~ 1+rg(0,2)°’

The Taylor coefficients of P can then be calculated using the algorithm in
Appendix B and a convenient computer algebra package such as REDUCE or
MACSYMA. The polynomials displayed in the lemma are obtained by just such
a calculation.

To show the period coefficients are homogeneous polynomials, we choose
one of the subvarieties B, . There is a parametrization of A in this variety
so that the period function is given by the above formula for all values of the
parameters in a certain vector space. As in the proof of the Period Coefficient
Lemma (§2), the function & — r(6,£,1) can be expanded in a power series

de,

r(0,8) =¢.

r(0.6,0) =Y u(8,0¢",

k=1

which converges for 0 < 6 < 27 and ¢ sufficiently small. Using the initial
condition, it is not difficult to verify that u,(6) = 1. Moreover, we know by
the argument of Bautin [5, pp. 5-6] that the uj(O ,A) are polynomials in sin 6
and cos@ with coefficients which are homogeneous of degree j — 1 in 4, i.e.,
in the variables 4,,4;, ... ,4¢.

Now we compute

dt =, 1yk ok k

Then, following P. Henrici [25, p. 36], we substitute the series for r(6,£,4)
into the preceding series, and find that

dt = j

where

J
¢(8.,0)=>(-1)"g"6.,050,1),
k=1

with the coefficients b}k) determined by the relation

00 k 00 .
(c +3 w6 ,m’) =310, 0¢ .
j=1

1=2
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In order to calculate the b;k) , we first generate a sequence d,(,k) determined by

o) k had
> a®e, e = (C+Zuz(0 /1)4‘) =¢ (1+Zu1+1(0’1)5')
I=1

n=0
Then by the J. C. P. Miller formula [25, p. 42], we have

k

“g,2) = E[ (k+ 1)i — nld®,(6,2)u,,,(6,),

where d(()k)(a ,A) = 1. An easy induction argument shows that d,(,k) (0,4) is
homogeneous of degree n in A. Since b}k) = d]('i)k , it follows that b;k)
homogeneous of degree j —k in A for k <j.

In view of the fact that g(@,4) is linear in A, and the fact that the b}k) for
k < j are homogeneous of degree j—k in A, it follows that ¢ is homogeneous
of degree j in A. Since

2n
pj(g)=/0 ¢;(6,4)do,

it follows that p; is homogeneous of degree k in (4,,4,, ... ,4;). This proves
the result when 4 is constrained to stay in one of the subspaces B, ,B,, or B, .
If A is constrained to stay in the homogeneous variety 9B, , or more precisely if
As=0,and 4,,4,,4,,4,, are parametrized by the homogeneous polynomials
(of degree 2) specified in the definitions of %3*, then p; is a homogeneous
polynomial in (¢ ,7) of degree 2j. O

For quadratic systems the isochrones were completely determined by W. Loud
[27]). His theorem actually contains more information, since it also identifies
the weak centers of finite order. We give here a modification of Loud’s Theorem
which makes this information explicit. Although our proof is similar to the orig-
inal, we replace an appeal to Urabe’s Theorem [45, 46] by a direct computation
of the period coefficients.

Theorem 3.2 [Loud’s Theorem] [27]. The quadratic system in Bautin’s form
X ==y = A xt + (20 +A)xy + Ay,
Y= X4 X+ (20 + A)xy — Ay’

has an isochronous center at (0,0) if and only if either the system is linear or
the axes can be rotated to bring the system to the form

X=-y+xy, p=x+DxX’+F’,

and the point (D ,F) € R? coincides with one of the following four points:

I](Oal), 12(_%,2)3 13(0’%)’ or I( f f)

In addition, if A € B, and Bautin’s system B, corresponds to a weak center of
order k > 0, then B, is linear. Moreover, a weak center of a quadratic system
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which is not an isochrone has order at most two. Finally, a system in Bautin’s
Jorm is an isochrone if and only if A = (A, ,Ay,4,,4s,4) lies in one of the sets

U, = {AlA; = 45,4, = =44, , Ay = —4A,},

U, = {44, =4, =4, =0,4, = =34},

U, ={A4, =4, =4, =0,4, = —64,},

U, ={A4, =4,=0,4; = —4s,4, = 105 ,A; = —s for s € R}.
Proof. The analysis is contained in the four cases for a center.
Case 1. If 4, =0 and A, =0, then

P,(A) = B(825 + 942 — 62,4, + 542,
and p,(4) =0 only when 4, =4, = A = 0. Thus the system B, is linear.
Case 2. If A, = A, then
2 2
py(A) = 5((44,+A5)" + (44, +4,)7),

and p,(4) =0 only when A5 = —44, and 4, = —44,. In this case B, has the
form

. 2 2 X 2 2
X ==y —Ax" =24xy+ 45, V=X+Ax" —24xy —A,p".

If we choose an angle 6 satisfying 4,cos6 +4,sin 6 = 0, and rotate the system
through the angle 6, then we obtain, in the new coordinates, a system of the
form

X=-y+2Gxy, y=x-Gx'+Gy’,

where G = (4,8in60 — A, cos6). If G # 0, then we can make a second change
of variables, namely u = 2Gx, and v = 2Gy, to obtain the system

X=—J"+xy, J}=x—%x2+%y2,
which we will show below is an isochrone.
Case 3. If 2, =0, A, + 5A, — 54, =0, and A;A, — 24 — 45 =0, then
2
py(A) = —%(4; - 4g)".
Thus p,(4) = 0 only when 4, = A, which is the same as Case 2.

Cased. If A, = 4y =0, then, after a rotation of coordinates, B, can be written
in the form

X=—p+ QA +A)xy, Y =x+AxT -1y

This is Loud’s system L with B :=24,+4,, D := 4, and F := —4,. Note
that if B =24, +4, =0, then

p,(A) = (104 + 544, + A3).

So, p,(4) = 0 only when 4, =0 and 4, = 0. This implies the system is linear.
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On the other hand, if B = 24, + 4, # 0, a change of variables, # = Bx and
v = By, will transform the Loud system L to the form
X=-y+xy y=x+2x2+£y2.
’ B B
Hence, it suffices to consider only the dehomogenized Loud system
X=-y+xy, y=x+Dx2+Fy2.

Next, following Loud [27], one shows by direct integration of the systems

that the four choices for the pair (D , F) given by
Il(oal)a 12(_%52)’ 13(0’%), 14(_%’%)

are isochrones. Loud shows these are the only isochrones using the theorem
of Urabe [45]. We show how to avoid this by direct calculation of the period
coefficients in the expansion of P(¢,D ,F) at £ = 0. The period coefficients
p, »P, D for the dehomogenized Loud system are given in the Quadratic Pe-
riod Coefficient Lemma. We note that degp, = k for k = 2,4,6. Now by
Bezout’s theorem, p, and p, have at most eight common zeros counted up to

multiplicity over pairs of complex numbers. However, direct substitution shows
that the four isochronal points I, , k =1,2,3,4, and the three Loud points

35 114105 15-+105
L, , L, ,

22 20 20
L (-11—\/_105 15+\/105‘)
3

20 ’ 20

are all zeros of p, and p, with I, having multiplicity two (i.e., p, and p, are
tangent at /,). Thus, these are the only zeros of p, and p, over the field of
complex numbers. Now one can check by direct substitution that p, vanishes
at [, k=1,2,3,4, but does not vanish at L,, k = 1,2,3. Thus [,
k =1,2,3,4, are the only possible isochrones, and L, L,,L, are the only
points where the Loud system has a weak center of order two. Since we have
shown that any quadratic system which has p, = 0 can be transformed into
Loud’s system by a linear change of coordinates, it is clear that any quadratic
system having a weak center of finite order has a weak center of order at most
two.

Finally, we note that in the fourth case, where B :=24; + 4, # 0, we have
D =24,/(24,+4,) and F = —A4,/(24,+4,), so when the results in all four cases
are combined, we obtain all isochrones for Bautin’s system B, , viz., 4 is in
one of the sets ¥,, i=1,...,4. O

In view of Loud’s Theorem and the Finite Order Bifurcation Lemma in §2,
we: note that part (i) of the Quadratic Weak Center Bifurcation Theorem has
now been proved.

Next we turn to the main problem in this section on quadratic systems,
namely, the bifurcation of critical periods from an isochrone, and give the proof




454 CARMEN CHICONE AND MARC JACOBS

of part (ii) of the Quadratic Weak Center Bifurcation Theorem. First we recall
that from Loud’s Theorem the cone ISOV := U‘:=l %0, is the set of isochrones in
the A-space. Now we proceed with the proof by examining the Bautin systems
B, in each of the four cases: 4, € ISOVNB, and A := A, + Ji € B, for
i=1,2,3,4.

Remark. Let A, denote a point in the variety ISOV which lies on one of the
lines ¥, i = 2,3,4, and which corresponds to a nonlinear isochrone, i.c.,
A, # 0. If we consider a perturbation of A, of the form A = A, + d4, which
remains in the Bautin variety BV, the variety of the ideal (v,,vs,v,), then it
is easy to verify that the perturbation corresponds to a system in the family

=y -2 x 440, Y =x+ QA +A)xy.

For example, suppose A, # O lies in U,. One checks that U, C B, meets
8,,%, and B, only at the origin. Thus 4, ¢ B, UB, UB,. Since this
union of three closed sets is closed, it follows that there is a neighborhood of
4, in BV not contained in the union. If, on the other hand, 4, € U, then all

*

perturbations 4 = A, + 64 lie in the family of systems given by

X ==y — A x4+ (24, + A)xy + Ay,

V= X4 A,x0 (2 4+ A)xy - 4,y
However, since all the subvarieties of BV meet at the origin, for the bifurcation
structure near the linear isochrone we must consider perturbations from A, =0
which lie in each of the sets B,, i=1,...,4.

The first case considered is when A, € ISOV N B, and its perturbations

A = A, + 064 are in B,. We note that 4, € ISOV N B, implies 4, = 0.
Any perturbation of the linear isochrone which lies in 9B, is a center of a

Hamiltonian system, and is quite easy to analyze. The result is in the following
theorem.

Theorem 3.3. No critical periods bifurcate from the origin from the linear iso-
chrone in the family

X=-y- Asxz + 24,xy + /16y2 R
y=x+ lzxz + 2A,xy — /lzyz.

Proof. From part (i) of the Quadratic Period Coefficient Lemma we compute
P, = Z(842 + 942 — 64,4, + 54¢)

which is a positive definite quadratic form in all the parameters. The result
follows from the Positive Lemma in §2. O

In order to determine ideal membership conditions for some of the ideals

which we need to analyze in this section, we need the next variational lemma.

In what follows we will use D, to denote the differential operator % .
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Lemma 3.2 [Variation Lemma). (i) Let (x,y)~ (f(x,y),8(x,y)), x,y €R,
be an analytic mapping such that the system

X=-y+Aif(x,y), y=x+2gx,y)

has a center at the origin for all A € R. Then the period function P for this
system satisfies D,P(£,0) =0 ifand only if

2n
g(&coss ,Esins)coss — f(Ecoss,Esins)sinsds = 0.

(ii) Let (x,y)~ (f(x,y),8(x,¥y)), x,y €R, be an analytic mapping such
that the system
. . 2 2
X==y+xy+4f(x,y), y=x-3x"+3y +18(x,y)

has a center at the origin for all . € R. Then the period function P for this
system satisfies D,P(£,0) =0 ifand only if

/°° (1= (1= &*w")Gw, &) - 201 ~HuFw.§) , o

N (1+w?)? ,
where
o -ow , 2-&w
Fw.8=1 (51 ot tTra —é)zwz) ’
o f1-a-0w . 2-8uw
Gw,&) =g (fl 0o om? 1T —¢>2w2) '

Proof. We first make some comments which will be used in the proofs of both
parts of the lemma. Of course, as usual, ¢ is confined to an open interval of
the form J = (0,¢), where ¢ > 0 is small enough so that all orbits through
(€,0) are periodic and enclose the origin. It will again be convenient to express
the period function as
P, A) =2+ p(&,A).

Let ¢t — (x(t,&,4),y(t,&,A)) denote the solution of the differential equation
(in part (i) or (ii)) through (£,0). Then for |£| sufficiently small we have

y2r+p(&,4),6,4)=0,
and consequently,

y(27,¢,0)D,p(8,0) + D;y(27,£,0) = 0.

By Loud’s Theorem, 4 = 0 (in either part (i) or part (ii)) corresponds to an
isochronous center at the origin, and we can conclude that p(¢,0) = 0. We
also note that if |£| is sufficiently small, then y (27 ,£,0) =y(0,£,0) #0 for
§ # 0, and it follows that D,p(£,0) = 0 exactly when D,y(2n ,£,0) =0. We
let U(¢) := D,x(¢,£,0), and V(¢) := D,y(¢,£,0). By using the variational
equation for the appropriate system we will show that the equivalences stated
in parts (i) and (ii) are equivalent to V(27) = D,y(2%,£,0) =0.




456 CARMEN CHICONE AND MARC JACOBS

For the proof of the result in part (i) we take z(z) := U(¢) + iV(t), then by
using the variational equation corresponding to the nonlinear system in part (i),
it is easy to verify that z is the unique solution of the following linear initial
value problem:

z=1iz+ f(Ecost,Esint) +ig(&cost ,Esint), z(0)=0.

Using the variation of parameters formula to represent the solution z of this
initial value problem, and noting that the imaginary part of z(t) is V(t) =
D,y(t,¢,0), we find, after some calculation, that V(2n) = 0 is precisely equiv-
alent to the vanishing of the definite integral in part (i).

For the system in part (ii) the idea of the proof is the same but the com-
putations are more complicated. We simplify the notation by writing x(¢) =
x(t,£,0) and y(¢) = y(¢,£,0). One can verify that

(2¢ — %) cost + & (2¢ — £%)sint
(26 — &) cost + (228 +&%)° (28 — &%) cost + (2 — 26 + &%)
for 0 < & < 1. The time dependent coefficient matrix for the variational
equations for U and V corresponding to the nonlinear system in part (ii) is

once again skew symmetric, so we introduce the complex coordinate z = U+iV
as before and find that z is the solution to the initial value problem

z(t)=a(®)z() +5(), z(0)=0,

where a(?) := y(¢) + i(1 — x(¢)) and §(¢) := f(x(2),y(t)) +ig(x(t),y(t)). If
we define

x(t) = y(t) =

A(t) .= /0’ a(s)ds,

then we must determine when the imaginary part of the expression

2n
2(2m) = exp(a(2m) [ exp(-1(s))i(s)ds
0
is zero. If & # 1, then after some elementary integration we get

(28 — E2Ycost + (2 — 2& + &2)

A(t) = 2itan” (1 = &)w) — In >

where w :=tan 5. We note that A(2x) = 0. Using this fact and the formula
for z(2n), we find that the imaginary part of z(2x) is given by

2n
V(2n) = %/0 [(22 = EY) cost + 2 — 28 + &)

x [f(¢)sin(2tan”" (€ — D)w)) + g(¢) cos(2tan” ' ((& - Dw))]dt,

where we have used the abbreviations f(¢) := f(x(¢),y(t)) and g(t) :=
g(x(t),y(t)). Now make the change of variable w = tan$ in the preceding
integral. If we consider the integral as a sum of the integrals over the intervals
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[0,n] and [n,2=], the limits of integration in the transformed variables are
[0,00) and (—o0,0] respectively. In terms of w we have

1-(1-&w’ 2-&w
x(t)=¢—-—22" fy=—= >3/~
=i "V i

and thus, after some calculations, we find that

V(2m) =2 /°° (1= (1 = "wh)6w &) = 21 = JuFw.d) 4,
—00 (1 +w )
We turn now to the second case where A, € B, NISOV and its perturbations
A are in B, . In this case we are able to consider bifurcation from the linear
isochrone as well as bifurcation from the nonlinear isochrones in %, simul-
taneously. Since A € %B,, we impose the condition i, = A, and write the
corresponding Bautin system in the form

O

X=-y- A3x2 = 22,xy + A3y2 +axy,
y=x+ Azxz = 2A3xy — lzyz + bxy,
where a = 44, + A; and b = 44, + 4,. By Loud’s Theorem this system is

isochronous exactly when a’>+b%=0. The period function P for this system
can be expressed as a convergent Taylor series in the form

P(¢,3y,05,a,b) =21+ py(hy, Ay, @, D) +Dy(Ay 45,0, 0)E + -
where each p,, k =2,3, ..., is a polynomial in the parameters 4,,4,,a,b.
Theorem 3.4. The ideal m := (p,,p,,p,,...) is generated by p, over the
polynomial ring R[A, ,A; ,a,b], where p,(,,4;,a,b) = ll‘f(a2 + bz).

Proof. We first find a condition equivalent to the ideal membership. Set a =
ocosp,and b =osing. Consider 4,,4,,¢ asfixed with o as parameter. We
abuse notation by writing & — P(£,0) for the corresponding period function.
We note that P(¢{,0) = 27 because when o = 0 the differential system is

an isochrone. If p(¢,0) := P(£,0) — 2m, then p(&,0) = 0, and, of course,
p(§,0) #0 for o # 0. Thus, the Taylor coefficients of p, namely the p, ,
k=2,3, ..., will have ¢’ as factor if Z—g(é ,0) = 0. Clearly, this is equivalent
to each p, having a’ + b* as a factor. Thus we proceed to use the Variation
Lemma to show 22(¢£,0)=0.

In order to treat the general case some changes of variables are necessary.
Since these variable changes are singular when A; + l§ = 0, we examine this
case first. If Ag + A§ = 0 we must consider the system of equations

X=-y+xyogcos¢, y=x+xyosing.

But then, an application of part (i) of the Variation Lemma shows our derivative
condition is satisfied since

2n
2 . . 2 . .2
ol / sin¢sinscos™ s —singsin” scossds = 0.
0
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For the case /lg + ,1§ # 0, we make the linear change of coordinates given by

x| _ 1 [cosy =—siny][u
[y] - 2G [sinw cos y ] [v] ’
where y is chosen so that
[ cos i sinn//] [13] _ [ 0 ]
—-siny cosy | |4,] |-G’
and G = \/lg + A§ . In the u,v coordinates we consider the period function Q
defined along the nonnegative u-axis. Then Q is a function of ¢ and o, again
suppressing the dependence on 4, ,4,, ¢, and clearly, with ¢ the distance from
the origin along the positive u-axis, we have Q(¢,0)=2xn, Q(¢,0) #0 when
o # 0. Under this coordinate transformation the u-axis transforms to the line
y = xtan . Consider the section map x = f(£,0) which assigns to the point
ontheray x = g=cosy ,y = 5=siny ,& > 0 the point on the x-axis cut by the
periodic orbit with initial conditions ( 5% cosy , 5% sin i ). Then, it is clear that

P(f(&,0),0)=0Q(5,0).

Now differentiate this equality with respect to ¢ and evaluate at ¢ = 0 to

obtain of op 5
P'(f(&,0) ,0)55(6,0) + 55 /(£,0),0) = %(5,0)-
Note that P(¢,0) =2n so P'(f(£,0),0)=0 and thus
oP _0Q
a_G(f(C 30) ’O) - —B'E(é ,O)‘

In other words it suffices to show 22(£,0) = 0.
If we define w and ¢ by
w=0/2G,

c(u,v,y)=(§sin 2¢)u’ + (cos 2y )uv — (3 sin 2p)’,
then in the u, v coordinates the differential equation has the form
u=-v+uv+wcos(¢—y)(u,v,y),
V=u-— %uz + %v2+wsin(¢— w)c(u,v,y).
In these variables we have the period function
Q¢ ,w)=2n+1¢,0),

and it suffices to show 22(¢,0) =0.
But again, by the Variation Lemma, this is equivalent to the vanishing of the
integral

2 ro0
3= %/_w((l — (1 =&w?)cosy — (2 - &Ewsin y)
x (1 = (1 —&w?)siny + (2 - &)w cos w)

(1= (1= w)sin(g — y) + 201 = Qweos(@—y)) ;-

(1 +w)(1 + (1 - &) w?)?
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The integrand is a rational function w — W(w ,&), where the denominator
has degree eight, and the degree of the numerator does not exceed six. The
numerator and denominator of ¥ do not have any zeros in common for & > 0
and sufficiently small. Thus ¥(w ,&) has poles of order two at w = +i and
w = +i/(1-¢) for all sufficiently small £ € (0, 1). It follows that the integral J
is 2mi times the sum of the residues of w — ¥(w ,&), in the upper half-plane.
A calculation will show that the sum of the two residues in the upper half-plane
is zero, and thus J =0, as claimed. O

Corollary 3.1. No critical periods bifurcate from the origin for the isochrones of
the form

X=-y- A3x2 —2A,xy + A3y2 ,

y=x+ Azxz —2A,xy — lzyz .
Remark. We conjecture the stronger result that in case 4; = A¢ in the Bautin
form and the system is not an isochrone, then the period function is globally

monotone increasing. An interesting special case of this conjecture can be shown
to be true, via., the period function for the system

X =-y+axy, y =x+ bxy

with a® + b? # 0 is globally monotone increasing. This can be verified by using
the results in [11, 51].

For the third case we have 4, € ISOV N B, and its perturbations 4 are in
B,. We note that 4, € ISOVNB, implies A, = 0, and thus once again we have
only to examine bifurcations from the linear isochrone. Since any perturbation
is contained in one of the sets %3* we examine the bifurcations from the linear
isochrone in the two families corresponding to this decomposition of B, . Our
conclusions are contained in the next theorem.

Theorem 3.5. No critical periods bifurcate from the linear isochrone in either the
family

X=-y- (02 + 212)x2 + 201Xy + 12y2 ,

y=x+ otx’ — (302 + rz)xy - a‘ty2 ,
or the family

% =—y+ (6> +2tH)x + 20txy — 137,

y=x+ otx’ + (302 + tz)xy - m’y2 .

Proof. For each family we compute, from the Quadratic Period Coefficient
Lemma, that

py(0,1) = 16'-(02 + 12)2.

Thus the result is an immediate consequence of the Positive Lemma. O
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In the final case we have i, € B, NISOV, and its perturbations A are in
B, . This is the most difficult case because B, NV, # & for k =1,2,3,4.
We change coordinates using # =y and v = —x, and obtain

U=-v— (24, + 4 uv, 1'1=u—,16u2+,13v2.
After we rename the variables we obtain the homogeneous Loud system L,
)2=—y+Bxy, y=x+Dx2+Fy2,
for which we will prove the following critical result.

Theorem 3.6. At most one critical period can bifurcate from a nonlinear isochrone
in the homogeneous Loud system L. At most two critical periods bifurcate from
the linear isochrone in this system. Moreover, there are bifurcations to one critical
period from the nonlinear isochrone and bifurcations to two critical periods from
the linear isochrone.

The remainder of this section is devoted to the proof of this theorem. First we
consider perturbations from the nonlinear isochrones. For these perturbations
it suffices to consider the dehomogenized Loud system, i.e., the case B=1. To
see this, observe, by making the change of variables ¥ = ax and v = ay, that
the period function remains invariant on (punctured) lines through the origin
in (B,D ,F) space. Thus, the behavior of the period function in a ball about
a nonzero point in the space is completely determined, if the B coordinate is
not zero, by its behavior on the disk in the plane given by B = 1 defined by
projection of the ball into the plane along lines through the origin.

Following [53] we use “pk for the dehomogenized polynomials, “pk (D ,F)
= p,(1,D,F), where p, are the period coefficients for the homogeneous
Loud system L (cf. the Quadratic Period Coefficient Lemma). We are now
ready to state our ideal membership condition for the dehomogenized ideal
“m, = (°p,,"p, ,"p¢) corresponding to the dehomogenized Loud system. The
algebraic results required for the proof are given in Appendix A.

Lemma 3.3 [Ideal Membership Lemma]. Let “p,, for k > 2, be the period
coefficients for the dehomogenized Loud system, and let M denote either of the
two ideals

a _ a a a _ a a a

ml_(pza p4)’ mz—(pz,p4, p6)
in R[D ,F]. A polynomial f € R[D ,F] isin M if and only if f vanishes on
V(M) and

d

21, -1 —0.
dt =—1)2

Proof. The polynomials “p, ,°p, ,°p, are given in the Quadratic Period Coef-
ficient Lemma. By Loud’s Theorem,

v(*m,) ={1,,1,,I,,1,}

and

V(®m,) = V(*m,)U{L,,L,,L,}.
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A direct calculation shows that the Jacobian matrices for the two mappings
(D,F) — (“py(D,F),’p,(D ,F),’ps(D ,F)) and (D,F) — (“p,(D,F),
“p,(D ,F)) both have rank 2 at the points I, ,1,,I,,L, ,L,,L,. Hence the
exponents in the primary decomposition at these points are all one by the Ex-
ponent One Lemma in Appendix A. The rows of these Jacobian matrices are all
parallel to the vector (1,1) at the point (D ,F)=1I,(—1,1). At this point one
can verify that for either ideal m;, or m, the exponent of the primary decom-
position at I, is two by using (ii) of the Two Variable Exponent Two Lemma
in Appendix A. Hence all conditions of the Two Variable Ideal Membership
Corollary in Appendix A are satisfied, and we conclude that f € “mk if and
only if f(V(“m,)) = {0} and Vf(—%,5)(1,1) for k =1 or k = 2. This
latter condition is clearly equivalent to the final condition stated in the Ideal
Membership Lemma. O

The Ideal Membership Lemma can now be applied to prove the following
theorem.

Theorem 3.7. The period coefficients ”pk for the dehomogenized Loud system
are in the ideal “m, = (“p,,°p, ,"p) for k > 2.

Proof. By Loud’s Theorem each of the four points in the variety V(“mz) cor-
responds to an isochrone. Thus, “p, (D, F) vanishes on V(“m,) for k > 2.
So, by the Ideal Membership Lemma, the result will follow as soon as we show

da
3, p (t9 _t) =0’
dt “k =—1/2
which is equivalent to
d . 11
R NCERED e

Now, with D := 4 — % and F:= % — A, we obtain the system
¥=-y+xy, y=x-Ixt+hytiax’-yh).
If the period function for this system is P(£,4), then the derivative condition

in the ideal membership condition is equivalent to the condition that A is a
factor of P(£,4) — 2m, i.e., equivalent to

oP
By the Variation Lemma this is equivalent to the vanishing of the integral
cz/°° (L= (1 -@'w)(1 - (6 -6+ &’ + (1 -&'w?)
—oo (1+wh)?(1 + (1 - &)’ w?)? '

The residue calculus can once again be used to show that this integral is zero.
We omit the details. O

We now have the ideal membership result for the dehomogenized version
of Loud’s system. It is perhaps worth observing that ideal membership in a
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homogeneous ideal leads immediately to membership in any dehomogenization
of the ideal, however, obtaining membership conditions for the homogeneous
ideal based on an analysis of a dehomogenization of the ideal is nontrivial,
cf. [42, p. 134; 53, p. 179ff]. Nonetheless, we are able to link our analysis of
the ideal of all period coefficients of the dehomogenized Loud system to the
corresponding homogeneous ideal to obtain the following basic theorem.

Theorem 3.8. The period coefficients p, for the homogeneous Loud system L
are in the ideal m, = (p, ,p, ,p¢), in the ring R[B,D ,F], for k > 2.

Proof. Following [53], we let “m denote the dehomogenization of an ideal m
in R[B,D , F] using the first indeterminant B and we let "m denote the ho-
mogenization of an ideal m in R[D , F] using a third indeterminant B. In
the proof of the Ideal Membership Lemma we in effect calculated the following
primary decomposition of “m2 :
amz =q,N4g,Naq3Nq,,

where

q,=("m,,D,F-1)=(D,F-1),

4, =("m,,D ,F-1)=(D,4F - 1),

a;="my,,D+1,F-2)=2D+1,F-2),

2 2 2

a=Cmy,(D+4)",(F-3)",(D+3(F-3)=(D+F,2D +1)).

It follows that \ \ , \ i
a
m,C ((my)="9,Nq,N g3N a4,
and
"a,=(D,B-F), "9,=(2B-F,2D+B),
"a,=(D,B-4F), "q,=(D+F,2D +B)").

Since hqi , i=1,2,3,4, are each generated by two elements with no noncon-
stant common divisor, it follows from [49, pp. 64-65] that a homogeneous
polynomial f(B,D ,F) in R[B,D , F] is in the ideal h(“mz) if and only
if f(1,D,F) isin “m,. Thus p, € h(“mz) for k > 2. Now we define
iy =(m,, B4) . One can verify with the help of the Grobner basis package in the
MACSYMA computer algebra system that

h h h h . _hoa .
m,="q,N q,N g;N q,Niyg="("m,)Ni,.

We conclude the proof by verifying that p, € i, for k > 2. If 2<k <6,
this follows from the definition of i, and the Period Coefficient Lemma in §2.
It is easy to show that V(i) = {0}. Thus by the Hilbert Nullstellensatz every
monomial of sufficiently high degree is in i,. With the aid of the computer
algebra package mentioned above one can verify that every monomial of degree
sevenisin ij. Thus i, contains every homogeneous polynomial f € R[B,D , F]
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of degree at least seven, and so the period coefficients p, € i, for k > 7, by
part (i) of the Quadratic Period Coefficient Lemma. O

We now know that at most two critical periods bifurcate from an isochrone in
Loud’s system. To complete the proof of the First Quadratic Isochrone Bifur-
cation Theorem we prove a local ideal membership theorem for the dehomoge-
nized Loud system which together with the Isochrone Bifurcation Theorem will
show at most one critical period bifurcates from a nonlinear isochrone.

Theorem 3.9. The period coefficients "pk, k > 2, for the dehomogenized Loud
system, are in the ideal (°p,,°p,) in the local ring R{D ,F}, localized at any
one of the isochrones A, := (D ,F) in the set

{11(0 ’ 1) ’12("% ’2) ’13(0 ’ %) ’14(_% s %)} .
Moreover, apz is independent with respect to “p4 at each isochrone.

Proof. We construct a polynomial f € R[D , F] such that f(4,) # 0 for each
point A, corresponding to an isochrone, and such that f“p, € “m = (°p, ,“p,) .
It is easy to construct such an f by using the Ideal Membership Lemma. For
example,

f(D ,F):= (¢,D +¢,F+¢;)(2D +3)(400D” + 440D + 16)(400F" — 600F + 120)

vanishes at each of the Loud points L, ,L,,L,. Moreover, we can choose
constants ¢, ,c, ,c; so that f does not vanish at I, ,1,,I;,1,, and so that the
gradient of f“p, is parallel to (1,1) at I,. One choice for the constants is

¢, =0, ¢, =-1/4096, ¢, =9/40960.
Now, for °p, , k > 2, we already know
‘De=a’p,+B°p,+7°pg
where o,B,7 € R[D ,F]. Since f“ps € (°p,,’p,), one easily verifies that
f°p. €(p,.°p,) for k > 2. Whence °p, e R{D ,F}, for k>2.

Finally, one can check that "p2 is independent with respect to “p4 at each
isochrone. O

4, SECOND ORDER CONSERVATIVE SYSTEMS

In this section we examine the bifurcation of critical periods for conservative
second order scalar differential equations of the form

i+ gu)=0.
The potential energy V(u) for this differential equation is defined by
u
V)= [ g(s)ds,
0

and the total energy is given by the Hamiltonian

H(u,v):=4v" + V(u), wherev=1u.




464 CARMEN CHICONE AND MARC JACOBS

We always assume there is a center at the origin and the linearization at the ori-
gin is normalized to éi+u = 0. Our analysis of the bifurcation problem requires
a convenient characterization of the period coefficients p, and a knowledge of
the isochrones. The needed information is contained in the next lemma and
the theorem which follows.

Lemma 4.1 [Potential Period Lemma). Let the potential function V be analytic
on R, V'(0)=0, and V'(0) = 1. The following statements are true:

(i) The differential equation it + g(u) has a linear center at the origin, and
there are periodic orbits with energies E = V(u) up to the first positive critical
value of V.

(ii) If X := h(u) := sgnu\/2V(u), when V(u) > 0, then h is analytic
on the connected component of {u|V(u) > 0} which contains 0. The inverse
function X — h"(X ) is defined and analytic on the connected component of
{u|h'(u) > 0}, which contains 0, and (h~")'(0)=1.

(iii) For all positive energies E = V(u) up to the first positive critical value of
V', the period function E — P(E) is given by

pEy =2 " : d6
(E) = /—n/2 W' (h~'(V2Esin@))

(iv) If the MacLaurin series for Rt s given by

-1 > k
R (X)=X+) dX",
k=2

then the period function X — P(X) is given by P(X) = 2n + E,;“;lkaXZk

where
1-3:5---(2k-1)

W If V' (u)#0 for u#0, and if
lim sgn u 40 =00,
u—too 2V (u)

then lim._, _ P(E)=0. .
Proof. Statement (i) is a direct consequence of the discussion in Arnold [2, pp.
87-90].

For statement (ii) we note that since V' has a quadratic minimum at 0,
and V(0) = 0, it follows that V(u) > 0 on some neighborhood of 0. Hence
u — h(u) is defined and analytic on the connected component of {u|V(u) > 0}
which contains 0. Since 4'(0) = 1, one can show that X h"'(X ) is defined
and analytic on the connected component of {u|h'(«) > 0}, which contains 0,
and (h"1(0)=1.

Turning now to the result in (iii), we let U, denote the connected component
of {u|h'(u) > 0} which contains 0. Then from (i) it follows that any periodic
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phase trajectory starting at (u,,0) with u; € U, will first cross the u-axis again
at (u,,0), with u, € U;. Let u, € U,. The total energy E is constant along
the periodic phase trajectory starting at (u,,0), i.e.

E:= %vz + V(u) =V(u,),
and the corresponding period is given by

2 [ 1
E)y=— ——du.
( ) \/5 u vV E - V(u)

Next we make the change of variables X = A(u) which has the effect of trans-
forming the periodic trajectories into circles centered at the origin, and we get

2 [VE X
P(E)= — / ax.
V2J-E v (X)VE - X2)2
A final change of variables X = v2E sin@ gives the result claimed in (iii):

/2 V2Esin@
PE) = 2/_,,/2 V'(h~'(V2Esin 8))

n/2 n/2
- 2/ L do=2[ ('Y (V2Esin6)d.
—-n/2 h'(h~"(V2E sin0)) —n/2
From the last equality and the Maclaurin series representation of h'l(X )
we see that if E > 0 is sufficiently small, then
n/2

P(E)=2 1+ 2d,V2E sin 8 + 3d,(V2E sin )’ + ---df .
—-n/2

Also, along the X-axis we have
E=Vu) =1hw’=1ix?,

so X = Vv2E and we can represent P as a function of X in the form

— "2 o 2%
P(X)=2m+2) (2k + 1)dy,, / sin™ 0 doX
k=1 —7/2

P

1-3.5...(2k - 1)
2.4-6--2k

2k

=2m+2n) (2k+1)
k=1

[o o]
= 2n+2d;k+|X2k s
k=1

d2k+lX

and this proves (iv).

For statement (v), we observe that the conditions assumed on the potential
energy function ¥V imply that every trajectory in the punctured phase plane
R’ \ {0} is periodic [2, pp. 87-90]. Moreover, the function u — h(u) is in
C l(R) , and its derivative is given by

V' (u)
V2V()

h'(u) = sgnu
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Thus, we have that h'(x) > 0 for all u € R. Hence, X — h~'(X) is also in
C‘(R). Since

lim A'(u) = oo,

h'>0,and h' € C(R), it follows that there is a constant m > 0 such that
hW(u)>m VueR.

Using the representation of the period function E — P(E) in statement (iii),
and the Lebesgue dominated convergence theorem, we get that P(E) — 0O as
E—-o0. O
Remark. If one compares the power series for u = h_'(X ) and P(X) in part
(iv) of the Potential Period Lemma, then one can conclude Urabe’s Theorem
for analytic systems [45, 46].

The center is isochronous if and only if d,, , =0 for k > 1,

ie. h_'(X) =X +S(X), where S is an even function.

For example, if we take A~ (X)=X+1iX 2| we obtain the differential equation

u+1-(1+ 2u)—'/ 220 , which has an isochronous center at the origin.

Theorem 4.1 [Polynomial Potential Isochrone Theorem]. The second order sys-
tem it + g(u,A) =0, with A= (Ay,4,, ... ,4y), and potential energy

N

1, = +2
V) =su"+ Y A,u ",
i=1

has an isochronous center at the origin if and only if A =0.

Proof. There is clearly an isochronous center at the origin if 4 = 0. Suppose
A # 0, and that it+g(u ,4) = 0 has an isochronous center at the origin. We will
show that this implies that the polynomial V' satisfies all conditions needed for
the conclusion of part (v) of the Potential Period Lemma, and this is contrary
to the assumption that the periodic motions have constant period. In order to
prove this, we use two well-known facts.

(i) Let y denote a maximal phase curve of the second order differential
equation i + g(u) = 0, and let p € y. If the projection of y to the wu-axis
is contained in a subset / C R on which the potential energy V is bounded
below, then ¢ — ¢, (p), the phase trajectory through p, can be extended to
(—00,00); cf. [2, pp. 69, 86].

(ii) Let p denote a rest point surrounded by a continuous family of periodic
orbits of the flow ¢ — ¢, of a relatively prime, analytic plane vector field. If
the point set consisting of all periodic points in the family of periodic orbits
contains boundary points not equal to p, then there is a boundary point which
is neither a rest point nor a periodic point of the flow [31].

Let T denote the periodic points in the continuous family of periodic orbits
surrounding the origin in the phase plane. We also consider the projection [
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of X to the u-axis. Let D(r) denote the closed disk centered at the origin of
the phase plane with radius r. We claim there is some periodic orbit contained
in £ which lies in the complement of D(r). If this is not the case, then X
has a boundary point in D(r)\ {0}. By (ii) there is a boundary point ¢ (not
necessarily in D(r)) which is neither a rest point nor a periodic point of the
phase flow. From the form of the potential energy we see V' is positive and
concave upward in a punctured neighborhood of the origin of the u-axis. If
V(u) < 0 for some u € I, there is a point #, between u and the origin where
V'(uc) = 0. But then (u,,0) lies on a periodic orbit in X. Since no periodic
orbit contains a rest point this is a contradiction and we have V(u) > 0 for
all u in the closure of I. Since ¢ is in the closure of X, it follows that the
projection of the maximal phase curve through g is contained in the closure of
I. Hence by (i) the solution through ¢ can be extended for all time. Let T
denote the common period of the periodic orbits in X and consider the points
#é_r(q) and #,(q). Since g is not periodic and not a rest point these points
are distinct. There are disjoint neighborhoods U_; of ¢_,(q) and U, of
#(q) such that the minimum time required for a point in U_, to reach U,
is larger than T . But ¢ is a boundary point of X so there is a periodic point
z € N U_; whose orbit meets U,.. Since z is periodic with period T the
minimum time required to meet U, is clearly less than 7. This contradicts
the existence of g. Thus, for every D(r) there is a periodic orbit contained in
X which lies in the complement of the disk. This implies the periodic orbits
in X fill the punctured plane. It follows that the origin is the only rest point of
the phase flow and therefore V'(u) # 0 for all u # 0. The only polynomials
of the given form with this property are of even degree with positive leading
coefficient, i.e.,

V(u)=%u2+/13u3+l4u4+~-+12”u2", Ay >0,n>2.

Thus all requirements for the conclusion of part (v) of the Potential Period
Lemma are satisfied. O
Remark. It follows immediately from the Polynomial Potential Isochrone The-
orem that if G(u) is a nonzero polynomial with G(0) = G'(0) = 0, then the
system
u=v, v =—-u+ G(u)

cannot be linearized by a smooth coordinate transformation.

Now before we turn to our analysis of the bifurcation of the critical periods

for polynomial potential functions we need to develop some basic facts about
ideals which are generated by various operations with infinite series.

Lemma 4.2. Let A(x) = a;x + a2x2 + a3x3 +--- and B(x) = bx + b2x2 +

ll)3x23 -; be}woformal power series with a;, b, eR[A, ,A,, ... ,A\] for i =
,2,3, ... 1

C(x):= A(B(x)) = c|x+c2x2 +c3x3+--~ ,
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then {c, ,c,, ... ,c”}c(al bdy s e ,a#) Jor u=1,2,3,....
Proof. Let

oo
A =Yad"x",  k=1,2,3,...,
n=k

and -
B =Y 6Wx",  k=1,2,3,....

n=k

Then [48, Lemma 7.1b, p. 46]

n

cn = akbr(zk)
k=1
for n =1,2,3,.... Since b,(,k) € R[4, ,4,,...,44], it follows that ¢, €
(a,,ay,...,a,). O
Proposition 4.1. Let A(x) =a,x + a2x2 + a3x3 +--- and B(x) =bx + b2x2 +
b3x3 + .-+ be two formal power series with a;, b, € R[A,,A,, ... ,A\] for
i=1,2,3,.... Let by # 0, and let all of the coefficients in the power se-

ries expansion for the inverse function B"'(x) bein R[A ,4,, - ,A\]. If
C(x):=A(B(x)) = clx+c2x2 +c3x3 e,

then (c, ,cy, ... ,cﬂ)=(al Ay, e ,a#) for u=1,2,3,....

Proof. The inclusion (€655 .- ,cﬂ) c(a,,a,,... ,a”) follows from the pre-
ceding lemma. If this lemma is applied again with A(x) replaced by C(x) and
B(x) replaced by B! (x) , then we obtain the reverse inclusion (q, ,a,, ... ,a”)
C(e,¢y, ... ,cﬂ). u]

Lemma 4.3 [Series Reversion Lemma). Let f: R — R be analytic at 0, and
f(0)=1. Let p € R[t] have the form

2
p(t)=pt+p,t +--+p,t".

Then the function t — z :=tf(p(t)), t €R, and its inverse z — t := F(z) are
analytic at 0. Moreover, the power series expansion for F(z) has the form

F(z)=z+Fz +Fz +---,
where F,_ €R[p, ,p,,...,p,].
Proof. We note that

2,3
tf(p(D) =t+uvyt" +vgt" +---,

where v, € R[p,,p,,...,p,] for k=2,3,.... Since f(0) # 0, it follows
that the inverse function F exists and is analytic in some neighborhood of
0. The statement that the F, € R[p,,p,,...,p,] for k > 2, can be seen
in several simple ways. However, applications of the results require us to be
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able to efficiently generate the F, . Thus we give an algorithm for generating
the F, , from which it trivially follows that the F, € R[p, ,p,, ... ,p,]. This
algorithm is an easy consequence of results described in Henrici [25] (cf. the
J. C. P. Miller Formula, p. 42, and the Schur-Jabotinski Theorem, p. 55; see
also [26, pp. 508-509]). The J. C. P. Miller formula is used to calculate the
coefficients u, in the expansion

fE@) " =1 +ut+ut’ +--
for n=2,3,..., and the Schur-Jabotinski Theorem is used to get
F, =u,_, [k

These result can be organized to produce the following algorithm. The remain-
der of the proof follows from this result.

Lagrange-Henrici Series Reversion Algorithm.
Input: n_, and v, ,for k=2,3,... and u,=1.
Output: F,,for k=2,3,...,n
for n=2 until n_, step | do
begin

for m=1 until n—1 step 1 do

9nmax s
max °

X

1 m
Uy 1= — Y11= n)k = mlu,,_ v,
k=1
Foi=qu,_y;
end. O

Theorem 4.2 [Reversion Ideal Theorem]. Let f: R — R be analytic at 0, and
f(0)=1. Let p € R[t] have the form

2
p(t) =P|t+p2t +-- +pnt”.
Let the inverse function of t — z :=tf(p(t)), t €R, denoted by z — t := F(z),
have the power series expansion
F(z)=z+Fz2" +Fz’ +-.-.
Let m and m, denote the ideals (F, ,F;,...) and (F,,F,, ... s Fy.1), respec-
tively, in R[p, ,p, , ... ,p,) for k=1,2,3,..., andlet f'(0)#0. Then n,

the number of parameters in the polynomial p(t), is the first positive integer k
such that m; =m and m, = (p, ,p;, ... ,P,).

Proof. We use the Lagrange-Biirmann Theorem [25, p. 58] to write

1 4 —(k+1)
F. = (T_;l—)!z;;f(l’(t))

=0
We calculate that

OF, k —(k+ i
Tt _%27 Fo@) 2 £ ()

b

t=0
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and thus if p € R" denotes the point with coordinates pi, i=1,2,
then we obtain

OF, .| 1 o* i
— K+l - — 0)¢ = — 0)o
o A kf( ) B f(0)3;
for k =1,2,3,... and i = 1,2,...,n, where 6,.7k is the Kronecker ¢ .
Thus we find that the Jacobian of the transformation
= (F,(p), F5(p), ... . F,,,(P), PER",

is —f ’(O)I,l , where I is the n x n identity matrix. One may easily verify that
the v, in the power series expansion of 7+ 1f() satisfy

V1 = L OB + &, (0,055 - P _y)
for k =1,2,...,n, where ¢, € p(z,. It follows from the Lagrange-Henrici
Series Reversion Algorithm that
F, (b, .0y, ...,0,)=~F (0, + R.(P, Dy, ... .04,
for k=2,3,...,n+1, where R, € pg , and since f'(0) # 0, it follows that

not all of the F can belong to m, untll k is at least n. Moreover, it is clear
that the equatlons

En(pyspys - ’pn) =0
can be solved in the order Kk =1,2, ... ,n by the elimination method to verify
that V(m) = {0}. The Exponent One Lemma in Appendix A can now be
applied to verify that m  is a radical ideal. O

The following is a useful fact about reciprocal series, which can be used to
connect the ideal generated by the period coefficients with the ideal generated
by the scale function in the normal form calculations mentioned in the intro-
duction.

Proposition 4.2. Let t — f(t) be analytic at 0 and let f(0) =1 with

SO =1+ x 0+ x84 2,0 4.

Then , ,
1/f(t)y=1+pt+p,t" +pst- +---,
where p, €R[x, ,x,,...,x,], and
(X 5%y 5 oo s X ) = (D) 5Dy 5 -+ D) INR[X X5, .00, x ]
for k>1.

Proof. The polynomials p, are given by the recursion

k
py=1, D = _Zpk—i‘xi‘
i=1
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It follows at once that the variety of (p, ,p,, ... ,p;) is 0, and the ideal is rad-
icalin R[x, ,x,, ..., x,]. Consequently it coincides with (x, ,x,, ... ,x;). O

For the remainder of this section we will consider polynomial potential func-
tions V of the form

(S]]

P, N2 »
V)= su" + ) A,u .
i=1

We want to use the Potential Period Lemma to obtain a series expansion for
the period function in a neighborhood of 0. Thus we define the function ¢ by
the equation

N-2 .
1
pu) =23 4,1
i=1

Then, according to the Potential Period Lemma, we need the analytic solution
u =u(X) of the equation

X =h(u)=u/1+¢(u)

for |X| sufficiently small. In fact, the function ¢ — f(¢) := /1 +¢ satisfies the
conditions in the Series Reversion Lemma, and the solution is given by

2 3 4
uX)=X+d, X" +d, X" +d, X +---.
The coefficients d, can be calculated by Lagrange’s formula [26, p. 508]

d = 1 d n=1 1 —n/2
= mm( + ¢(u))
u=0
for n > 2, or by the Lagrange-Henrici Series Reversion Algorithm. If the period
function for this problem is written as
P(X,2) =27+ p,(A)X +p,(N X’ +p, WX +p, WX  + -,
then by the Potential Period Lemma

m = (pl spz ,P3,---)=(P2 ap4ap6"-~)=(d3 ,d5 ,d7’~")’

and consequently, by the Polynomial Potential Isochrone Theorem, V(m) =
{0} . To simplify the notation we define

Q(hy oAy s oeshy) = dyy Ay s Ay oo s Ay)

for m > 1. The Reversion Ideal Theorem can be applied to verify that
the ideal (d,,d,,d,,...) is radical in R[4,,4,,...,4,], but the ideal m =
(dy,ds,d,, ...) is substantially more difficult to analyze. We would like to
determine the smallest integer k such that m, := (q, ,q,, ... ,q,) = m, over
R[A,,4,, ... ,Ay]. Inthe next lemma we obtain some formulas which can assist

us in the analysis of this problem.
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Lemma 4.4 [Potential Reversion Coefficient Lemma). The following relations
are valid: )
oq, 1 9" —@m+3)2_ i
6'11'_',2 - —(zm)' auzm(l + ¢(u)) 74 . s
u=
and in general, if A = (43,4, ...,4y), k= (ky,k, ks, ... ,ky), and |k| =
Y i>3k;, then

. o

D gq =——""-"™"™m
P okt anky
— Hm K| a2m (1 + ¢(u)) (2m+2|k|+l)/2uk3+2k4+3k5+~~~+(N—2)kN
2m b
T 2m+ 1) gy N
where )
t g = (=DM @m 4+ 1)(2m + 3) - (2m + 2]k - 1).
Moreover,
aq,,
=-6 ,
aj'l-+-2 A=0 i ,2m
and for |k| > 2 we have
P k|

lel | —
2 Amli=0 = 5,11 kst 2kt Skt H(N =2y 2 °

The proof is omitted since it is a straightforward induction argument.
Generally, we find that V(m,) = {0} for k > N — 2, and if one computes

the first row of FI(0) and the first two rows of J (O)T using the formulas in the
Potential Reversion Coefficient Lemma, then it is easy to see from the Exponent
Two Corollary in Appendix A that the primary component of the ideal m, _,
at 0 always has exponent greater than two. Thus the methods of Appendix A
do not apply directly. Nonetheless, the ideal membership problem has a nice
structure that can, at least in principal, be analyzed in any particular case. The
next theorem is a useful case.

Theorem 4.3 [Even Potential Theorem]. Assume that the potential function V(u)
is even, ie., let

1 2 2i+42
V(u) +Z'121+2 " :

Then n—1 is the smallest integer k such that m, =(q,,4,, ... ,q,) =m over
R[A,, 4, ... ,4,,). The differential equation it + g(u,4) = 0 corresponding to
the potential function V has at most n— 2 local critical periods which bifurcate
from the origin. Moreover, there are perturbations with exactly k local critical
periods for each k <n-2.

Proof. In this case, the function ¢(u) is given by

n—1 )
$u)=2) 12i+2“2'
i=1
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We define 4 =(4,,4,,...,4,) and m _, =(q,,9,,...,4,_,)- Then

0q;
OA

= ‘52;' 2i
2j+2 1=0

for i,j=1,2,...,n— 1. Hence the Jacobian matrix of the transformation
A (q,(A),9,(4), ... ,q,_,(4) is —=I,_,. It follows that g;(4,,4,, ... ,4,,) =
~Ayipa + Ri(A4,4¢, ... s4,,), where R, € qzo. Furthermore, we observe that

D; Dil1=0 = B 11O 2kyt a4 2ikgpsa bt @n—2kn 20 °
which has the value 0 whenever k,, , > 1. Consequently, the system of
equations ¢;(4) = 0 for i = 1,2,...,n ~ 1 can be solved in the order
i=1,2,...,n—1 for
Ayia = PACCTIVERR W

where each f; vanishes when A = 0. Therefore V(m,_,) = {0}. Moreover,
by the Exponent One Lemma in Appendix A, the ideal m,_, is radical. Hence
fem,_, if and only if f(0)=0.

Since the polynomials ¢, , ... ,q,_, are independent with respect to g, at
0, the statement about the bifurcation of critical periods is an immediate con-
sequence of the Isochrone Bifurcation Theorem in §2. 0O

Example. [deg V' < 6]. Consider the four-parameter potential function
Vo(u) = 3u® + a0 + A0 + 250" +2°.

The Lagrange-Henrici Series Reversion Algorithm or the Potential Reversion
Coefficient Lemma and some lengthy calculations can be used to find the poly-
nomials ¢, ,4q,,4;,4,,495. If we use the change of coordinates

Ay =y, A4=T’ As=ls,

_ ldpp, - 56#‘: + 28u2/1f -2, + 7,u§
- 2
in the parameter space, then these polynomials are

9y (g sy s g s ) = My

Q1 sl s By s ) = 1y

Gyl By By Bg) = 310 — 22207y + 364, 0 + 9544 — 621,11}
+ 2Tty = U517+ Oy — 15083,

Qulty >ty > g s ) = — 3740005 + Myl + 413607y — 5214p,7
+ 66, 1y + 3413 1, — 11704p° + 25146, p°

4 2 4 2 32
= 407papy — 2y + 561 myp00; — 12100

2 2 4
+ S uy + 33y, — By,

A
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3 4 2 22 2
Gs(iy oy iy s ty) = — 1300, 405 + 92950, iy — 8190u, 41, iy + 1323

2
+ 92503 — 85228y + 1303644, 40" 1,
— 5980u, 1) 1ty — 560951517ty + 19500, 1,0, 14
— 1950, 1ty + 2137720, — 46308644,

+27014p,u° + 3492061 4° — 24180, "

3 4 2.2 2 2
— E5R oy + 58y + B

4 2 2 3 )
— A5 + B,y — 130pu5p, — B u; .

The coordinate functions
(13’/14’)’5’)'6)'—’”1(’ k=1,29314,

of the inverse of our coordinate transformation are also polynomials (i.e., the co-
ordinate transformation is a polyomorphism). Thus the ideal m can be analyzed
in Ry, ,u,,u,,un,]. We make a few observations which will assist us in this
analysis. The Potential Reversion Coefficient Lemma implies that the polyno-
mials g,, € R[4;,4,,4,,4.] for m > 1 are weighted homogeneous polynomials
of degree 2m with weighting pattern (1,2,3,4) in (4;,4,,45,44) (see [9, p.
195] for the terminology). The polynomials u, used to define the polyomor-
phism (4;,4,,4;,4,) — u, and the polynomials 4, , for the corresponding
inverse (4, , U, , My, H1y) — 4, are each weighted homogeneous polynomials of
degree 2k, k =1,2,3,4, with weight pattern (1,2,3,4). Hence, in the new
coordinates (4, , 4, , Uy, it,) the polynomials g, (u, ,u, ,u,,u,) for m>1 in
Rlu, ,uy, 15 ,u,] are weighted homogeneous polynomials of degree 2m , with
weighting pattern (1,2,3,4) in (4, , 4, , 44, 4,) . Finally we note that, by the
Potential Isochrone Theorem in this section, V(m) = {0}.

If all but one of the parameters 4, ,, i = 1,2,3,4, are identically zero,
then it is easy to show that the ideal m is generated by the first polynomial in
the sequence ¢, ,4,,q;, ... which is not identically zero. In this case no zeros
bifurcate from the origin. The ideals m, for all the cases where 2 < degV; < 6
may be readily analyzed by means of the methods developed in §2. However,
we confine our discussion to three main cases, and we summarize our findings
as follows:

1. A,=0,A4,=0=m, =(q,,q9,) =m, and g, is independent with respect
to g, at 0.

2. A4, =0=m;=(q,,9,,9;) =m, and ¢, ,q, are independent with respect
to g; at 0.

3. No parameter 4,,4,,4,,4, is identically zero. In this case

ms = (ql )qz aq3 7q4 9q5) =m.

The polynomials, ¢,,q,,q, are independent with respect to ¢, at 0, but
4,49, 45,9, are not independent with respect to ¢ at 0.
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Case 1. In this case we have a two-parameter potential function
V,(u) == %uz + A3u3 + /14u4 .
It is clear that g, ¢ (g,) and V((q,,q,)) = {0}. We will show that
m, = (‘11 ,qz) =m.
If we put 4, = A, =0 in our formulas for ¢, and g,, we see that
2 2 2 4
q,(A5,4,) = -1, - 543) , a,(Ay,4,) = (42, — 364,45 + 334;).

Using the change of variables, 4, = 4, and 4, = %(—2/12 + 5,uf) , discussed
above, in each of the polynomials g, , m > 1, we find that in this new coordi-
nate system the ideal m, in R[x, ,u,] can be written
2 2 4
m, = (4, , 3005 + 4,0 — 8u1).

One can easily verify that m, = (u, , u‘:) , and thus we need only prove that ¢, ,

m > 3 does not contain a monomial, /4’1‘ , with k < 4. However, the g, are
weighted homogeneous polynomials of degree 2m, with weight pattern (1,2)
in (u,,u,). Thus ;t’l‘ cannot appear in ¢,,, with m > 3, unless kK > 6. We
conclude that g, € m, for m > 1.

Finally we note that g, is independent with respect to g, at 0.

Case 2. Consider the three-parameter potential function
Vi(u) == %uz + A3u3 + l4u4 + Asus .
Then since A, =0, the polyomorphic coordinate transformation
Ay=pys A= (M =2)/2, As=py,
gives
q (g s fy s ly) = Uy s
Gyt » By 5 ) = Titypty — 28p) + 1400} + i3
T3k sy 1y) = 405 — 333y + 99ttty + 1984] — 495,11}
+ l98,u§,uf + 32—3,u; .
Now one can check that
V((4,,9,) #{0} =V((9,,9,,4))
and thus ¢, ¢ (g, ,q,) . Next we establish that
m=m;:=(q,,4,,493)-

In order to do this, the following inclusion (proper) is noted:

7 2 4 3
q; = (/‘2 sHy S U Ry s Uy a/‘}) Cm,.
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It is clear that g, contains all monomials ,ui‘ u? ,ug’ , where i + 20, +3i; > 7
if i, +2i, > 0. Moreover, the ideal q, contains all monomials ,u;' ué’ ,u;’ with
iy > 3. Now the g,, are weighted homogeneous polynomials of degree 2m with
weight pattern (1,2,3) in (4, ,4,,u,) . Hence, the only monomials ,ui‘ #;2 ,u;’
which can appear in g,, with m > 4, must satisfy i, +2i, + 3i; > 8. Whence
if i +2i, > 0, then the monomial is in q,. On the other hand, if i, +2i, =0,
then 3i; > 8, and thus since i, is a nonnegative integer, this implies i, > 3.

Consequently, we have g, C q; for m > 4.
Case 3. In this case we have the full potential function

Ve(u) := %uz + A3u3 + l4u4 + Asus + A6u6 .
One can establish that ¢; ¢ (q,,9,,45,49,) . We claim that

m=m,:=(q,,4,,4;,9495)-
It can be shown that the ideal my has the following simple set of generators:

B i= (g o s My ol s 5 Kt S s}
In order to show that ¢; ¢ (q,,49,,4;,4,) and my = (&), it is useful to use
an ideal membership algorithm based on the computation of a Grobner basis
for the ideal m,. Such algorithms have been implemented in various computer
algebra systems, such as MACSYMA and REDUCE, and are widely available.
Using the relationship mg = (&) it is clear that my contains every monomial
of the form S
u'l'u?/t;’u:‘ ,  with i3 + 2§, + 3ig + 4ig > 10.

Since the g,, with m > 6 are weighted homogeneous polynomials of degree 2m
with weight pattern (1,2,3,4) in u, ,u,,Hu;,H,, it follows that g, , m > 6,
are formed from monomials of the form u' u} uy’ u,' , where i +2i,+3i,+4i, =
2m > 12. Consequently g, € mg for m > 1.

The polynomials ¢, , ¢, ,q,,q, are not independent with respect to g5 at 0,
since V((q,,4,,49;,4,)) = {0}, and ¢(0) = 0. However, one can show that
the polynomials ¢, ,q, ,q, are independent with respect to ¢, at 0.

The facts elicited in the Example and Isochrone Bifurcation Theorem in §2
imply the following result.

Theorem 4.4. The differential equation it + g(u ,A) = 0 corresponding to the
potential V can have at most four critical periods bifurcating from the origin.
There are perturbations which will produce k critical periods for k < 3. For the
potential V at most two critical periods bifurcate from the origin, and there are
perturbations with k critical periods for k < 2. Finally, for the potential V, at
most one critical period bifurcates from the origin, and there are perturbations
with one critical period.

Remark. The calculation of K = K(N), the smallest positive integer k such
that

m:(q,d,, - ) =m:=(q,,4,,495,---)
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for a general polynomial potential function of the form

| ) = j+2
1
V(u) = su" + D A,
i=1
remains a difficult unsolved problem. The Even Potential Theorem proved in
this section and the foregoing example give some results. Computer algebra
computations suggest the following conjecture:
If N=degV >3, then

Vimy_,) = {0},

and
K(N)=N-2+ [NT-“] ,

where
[x] = largest integer < x if x>0,
|0 otherwise.

If 3 < N < 6, then the conjecture is true as demonstrated in the above
example. Computer algebra computations indicate the conjecture is true for
T7<N<II.

A. APPENDIX—REMARKS ON POLYNOMIAL IDEALS

In order to use the bifurcation theorems which we have developed, we need
some analytical criteria for deciding whether a given polynomial belongs to an
ideal. Let x denote the vector whose coordinates are Xy Xy, ... ,X,; then
K[x] = K[x,, ... ,x,] will be the polynomial domain in the indeterminates
X, ... ,X, with coefficients in the ground field K which we will always assume
is either the complex numbers C or the real numbers R. If f, , ..., f € K[x],
then (f,,...,f,) denotes the ideal generated by the polynomials f,, ..., f,
over K[x]. Let m = (f,,...,f,). Then V(m), the variety of the ideal m, is
defined to be the set of all points z€ C" such that

file) = f@) == f(2) =0.

We are only interested in ideal membership tests over R[x], however it will be
convenient to prove ideal membership over C[x], and then use the fact that this
implies ideal membership over R[x] [50, p. 161]. Max Noether’s Fundamental
Theorem [50, p. 163] provides a very useful tool for determining analytical
conditions for a polynomial to belong to a zero-dimensional ideal. In order
to make use of this result, we need to be able to calculate the exponents in
the primary decomposition of a given zero-dimensional ideal m. If a with
coordinates 4, ,a,,...,a, isin V(m), and if p, = (x, —a, ,x,—a,, ... X, =
a,), then this entails finding the smallest integer o such that

pl C (m,pl"").
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This exponent will be denoted by p, . Suppose the variety ¥(m) contains only

a finite number of points a ecC” , i=1,2,...,N. We abbreviate p,, by p,
and p, by p,. Then Max Noether’s Fundamental Theorem says that
N

m=(q,, whereq,:=(m,p]).
i=1
It will be assumed in the results which follow that there are at least as many
polynomials in the ideal m as there are indeterminates, i.e., r > n.

Lemma A.1 [Exponent One Lemma). Let the ideal m = (f,, ..., f,) over C[x]
be zero-dimensional, and let a € V(m). In order that p, C (m ,pf) over C[x] it
is necessary and sufficient that the vectors V f (a) ,V f,(a), ... ,V [ (a) span the
space C" .
Proof. See [50, pp. 163-164]. O
If f,,f,,...,f, €KI[x], then J(x) is the corresponding Jacobian matrix

defined by

V/i(x)

V1 (x)

J(x) = .

V/.(x)
We use fk"(x) to denote the n x n Hessian matrix whose entries at row i and
column j for i,j=1,2,...,n are asz/ax,.axj .
Lemma A.2 [Exponent Two Lemma]. Let the ideal m = (f,, ..., f,) over C[x]

be zero-dimensional, and let a € V(m). In order that pi C(m ,pi) over C[x] it
is necessary and sufficient that

r
YJa)+3@) Y+Y yffx=B, Ja'y=0,

k=1
have a solution {Y ,y} for every complex n x n symmetric matrix B, where Y
isan n xr complex matrix and y = [y, ,y,, ... ,yn]T isan n x 1 complex
matrix.
Proof. We prove the result only for the case a = 0, since the general case is a
consequence of this special case by a simple translation of coordinates. Let x
be written as the column vector [x,,x,, ... ,x"]T If p, e pz , then p, can be
written as

x Bx + Rp, (x),

where sz € pz ,and B is an n x n complex symmetric matrix. We want to
establish necessary and sufficient conditions that for each such p, there exist

¢, €CIx], k=1,2,...,r,and Repg such that

p2=R+Z¢>kﬂ(.

k=1
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This last equation will be analyzed by first reducing it modulo pg as in [50]. To
do this we note that since f,(0) =0 for k=1,2,...,r, we can write

f,(x) = V£0)x + 1x" £ (0)x

modulo pz. Now the polynomials ¢, have the form

n
¢k(x) =V +Z:yijj +--
Jj=1

for k =1,2,...,r. Using this notation, we see that in order that pf) C(m, pz) ,
it is necessary and sufficient that for each complex n x n symmetric matrix B
there exist Y, a complex n x r matrix, and y=1[y,,y,, ..., yn]T , a complex
n x 1 matrix, such that

%x Bx=y J(0)x+x \'d J(0)x+x Zzykf 0)]

If one calculates the first derivative with respect x on both sides of this last
equation, and then evaluates the result at x = 0, one gets the second equation
mentioned in the lemma. The first equation follows in a similar manner by
calculating the second derivatives with respect to x at 0. 0O

In order to use the Exponent Two Lemma we need to put it in a form where
the solvability criterion can be more easily checked. First we introduce some
additional notation. For k = 1,2,... ,n we define H,(x) to be the (n + 1
— k) x r matrix whose first row is

1 8%f,
Eaxkaxk for/=1,2,
and whose ith row is
52
—f’—, for/=1,2,...,r,
%y i 10%

for i=2,3,...,n+1-k. Let the mapping x — (f,(x),£,(x), ..., f,(x)) be
denoted by F. For k=1,2, ... ,n we define J, (x) tobe the (n+1—k)xnr
matrix given by

e i
0,0,..,0, F,, 0, .., 0
0,0,...,0, , 0

Jx) =19
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(in this display 0 is a 1 x r matrix of zeros). Next we define H(x) to be the
n(n+1)/2 x r matrix

The n(n+ 1)/2 x rn matrix J(x) is defined by

J,(x)
IRRACY
J,(x)
Corollary A.1 [Exponent Two Corollary]. Let the ideal m = (f, ..., f,) over
C[x] be zero-dimensional, and let a € V(m). In order that pi C (m ,pi) over
CI[x] it is necessary and sufficient that for each complex n(n + 1)/2 x 1 matrix

H(a), J@), b] _ H(a), J(a)
rank [JT(a), 0. 0] = rank [JT(a), 0 ] .

Proof. If we write out the first equation in the Exponent Two Lemma in coor-
dinate form, we get

0" i O, . %%
Z{Gx 0x; "+6x Vig * axjy""
for i,j=1,2,...,n. Next we observe that since B is symmetric, there are

only n(n + 1)/2 independent equations in the preceding list of equations. If
we assemble the coefficient matrix for this list of equations in the order

Xx=a

b, i=1,2,...,n,
bi2, l=2)39 sy
bi’" . i=n-1,n,
bn,n’

and if we let b denote the n(n+1)/2x 1 matrix whose coordinates are given by
the above ordering, then the solvability condition in the Exponent Two Lemma
is equivalent to requiring that

[Jf;(:)’, jgla)] m - (2]

has a solution {y, ,y,} for every complex n(n+1)/2x 1 matrix b. O

We are now in a position to prove the following theorem.
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Theorem A.1 [Exponent 1 | 2—Ideal Membership Theorem]. Let the ideal m =
(f;».-- ) over C[x] be zero-dimensional. Suppose that the points a € V(m)
are divided into two classes, (1°) and (2%). Class (1°) consists of those points
a € V(m) such that rankJ(a) = n, and class (20) is the complementary set in
V(m). It is assumed that the rank condition of the Exponent Two Corollary is

satisfied for each point a of class (20) . Then in order that f € wm, it is necessary
and sufficient that the following two conditions be satisfied.:

(i) f(V(m)) = {0},

(ii) Vf(a) e span{Vf (a),Vf,(a),...,Vf (a)}, a€V(m).
Proof. If f €m, then there exists ¢, , k=1,2,...,r, such that

f= Z S
k=1
Hence condition (i), f(a) =0 for all a € V(m), is necessary. Moreover, since

Vf(@@)=) ¢ @Vf@, aeV(m),

k=1
it follows that condition (ii) must be satisfied.

It remains for us to show that if f satisfies (i), (ii), then f€em. If a isa
point in class (10) , then it follows from the Exponent One Lemma that p, = 1.
We note that if a € V(m), then any f € (m ,pi) must also have the property
required in (ii). This follows just as in the preceding proof of the necessity of
(ii). If a is in class (20) , then we choose a vector s € C" such that

s ¢ span{Vf (a),Vf,(a),...,Vf (a)}.

It follows that the polynomial }>;_, s, (x, —a,) isin p,,butitisnotin (m, pf_) .
Thus, if a is a point of class (20) , then p,_ > 2. The Exponent Two Corollary
then implies that p, = 2 for all points a in class (20) .

Let g, = (m ,p”). Then it remains for us to show that if f € C[x], and f
satisfies (i) and (ii), then f € q,. Noether’s Theorem [50] can then be applied

to infer that f € m. If a is in class (l°) , then p = 1. Hence p, = q, [50] and
f €p,,since f(a)=0. Suppose a is in class (20) ,and f satisfies (i) and (ii)
in the theorem. Then f(x)=Vf(a)x+ R 7(x), where R, € pf . Condition (ii)
allows us to conclude that f€q,. O

Lemma A.3 [Two Variable Exponent Two Lemma]. Let the ideal m = (f,, ...,
f,) over Clx,y] be zero-dimensional (r > 2), and let a€ V(m). Then p, =2
if and only if one of the following two conditions is satisfied:
(i) J(a)=0 and rankH(a) = 3,
(i) rankJ(a) =1, and the following 5 x 3r matrix has rank 4:
[ H(a), J (a)]

J @, o
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Proof. Tt follows from the Exponent One Lemma that p, = 2 only when
rank J(a) < 1. The result follows from the Exponent Two Corollary by a direct
calculation. O

Corollary A.2 [Two Variable Ideal Membership Corollary]. Let the ideal m =
(fy» ..., f,) over C[x,y] be zero-dimensional (r > 2). Assume that for each
a€ V(m), the exponent p, =1 or 2. In order that f € m, it is necessary and
sufficient that f(V(m)) = {0}, and V f(a)||V £, ( a)||Vf ), j.k=1,2,...,r,
Jor each a € V(m) such that p, =2.

Proof. This follows from the Exponent One Lemma, the Two Variable Expo-
nent Two Lemma, and the Exponent 1 | 2—Ideal Membership Theorem. O

B. APPENDIX—QUADRATIC PERIOD COEFFICIENTS
Bautin’s system B, can be written in the form

x=_y+¢(x9y:)')9 )'f=x+l//(x,y,/1),

where (x,y) +— ¢(x,y,A) and (x,y) — w(x,y,4) are homogeneous poly-
nomials of degree two, and A — ¢(x,y,A) and A~ w(x,y,A) are linear. We
will assume in the calculations that A is a general point in BV . It follows that
in polar coordinates this system has the form

F=rf(0,4), O=1+rg(0,A).
Let 0 — r(0,£,2) denote the solution of the initial value problem

dr_ r’f(8,4) _
@ Trree.ny O=¢

It can be shown that the solution r can be expanded in a convergent power
series of the form -
r(0,6,4) = u,(8,0E,
k=1
which converges for 0 < 6 < 27 and || sufficiently small. From the initial
conditions we have u,(0,4) =1 and %,(0,4) = 0 for k > 2. If the power
series for r(6,&,4) is subsituted into the differential equation we obtain

oo 2 [o.0) oo
<Zuk(0,l)ék) f(0,2) = (1 +8(6,4) u,(6,2)¢ ) (Z o,z)c") :

k=1 k=1

This leads to the relation

[e o}

Z(Zu Au, (6, ,1))5

k=2

oo k—1
AE+S (uk(B A)+ g0 1)Zu;(e,1)uk_,.(0,/1))¢",

i=1
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and from this we see that u'1(0 ,A) =0, while for k > 2, we get the sequence
of differential equations

k-1 k—1
U (0,2) = f(0,4)> u(0,)u,_,(0,4)—g0,4)> u(6,)u,_,(0,4).

i=1 i=1

Since u,(0,4) =1, we conclude that u,(6,4) =1 forall 6.
Now the period function is given by

2n 1
ren= [ rrmE e

The integrand is analytic for all § and || sufficiently small, and thus may be
expanded in a power series of the form

1+ a,(8,4¢",

k=1

which converges for 0 < 8 < 2z and |¢| sufficiently small. Hence, the period
function is represented by

PE,A)=21+Y p,AE,
k=1

where
2n
P (3) = ]0 a,(6,7)d.
Finally, we compute the a,(6,4) from the relation

(1 +g(0,l)zuk(0,l)ék> (Zak(e ,,1)5") =1
k=0

k=1
by means of the recursive formulas: a,(6,4) =1, while for k =0,1,2, ...,

k
4, (0,4) = 80,13 u,,,(0,)a,_,(6,4).
i=0

C. APPENDIX—NORMAL FORMS

Given an analytic plane vector field X with an equilibrium point at the origin
where its linear part has eigenvalues +i, one can find an analytic transformation
near the origin (cf. [40, §27]) which converts X to its associated differential
equation in normal form:

X = =y + (@ = byy)(x* +y%) + (agx — by) (X +y1) + -,

Y =X+ (byx +ap)(x” +¥) + (bsx + agp)(x* +¥*) 4.
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There is a center at the origin if and only if a,, , =0 forall kK > 1. In this
case, it follows immediately that the period function for the normal form is

27 2n
P = =
© f&)  (+bE+bE +bE5+ )

2 4 6
=204D,8 +D,6 +hG

within the radius of convergence of the normal form. We note that the scale
function f and the period function P have the same critical points, and by
Proposition 4.2 the two ideals m, = (by,bg,b,y,...), m:=(Dy,D4,Dg» )
are equal.

In the case of the dehomogenized Loud system

X=-y+xy, Jy=x+DxX'+F",
we obtain
by= — (10D* + 10DF — D + 4F" — 5F + 1)/24,
b= — (3140D* + 3880D°F + 908D" + 564D F’
+552D°F + 189D* — 560DF° — 492DF” + 774DF
— 154D — 112F* — 392F° + 705F" — 218F + 17)/6912,

b, = —(2619800D° + 4331400D°F + 1190220D°

+ 1493400D°F? + 1049460D* F + 259350D* — 566920D°F°

— 558540D°F* + 464910D°F — 34475D° — 342288D°F*

— 395844D2F> 4+ 385854D*F* — 172857D*F + 25743D°

— 56544DF° + 147552DF" + 242874DF° — 368553DF"

+ 125220DF — 12789D — 13888F° + 76272F°

+99204F* — 256699F° + 110361 F — 15873F + 623)/3317760.

One can check that the ideal (b, ,b;,b,) is equal to the ideal of period coeffi-

cients for this system as computed in the Quadratic Period Coefficient Lemma.
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